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Abstract

In this paper, we study the relationship between forbidden subgraphs and the
existence of a matching. Let H be a set of connected graphs, each of which has
three or more vertices. A graph G is said to be H-free if no graph in # is an
induced subgraph of G. We completely characterize the set # such that every
connected H-free graph of sufficiently large even order has a perfect matching in

the following cases.

(1) Every graph in H is triangle-free.
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(2) H consists of two graphs (i.e. a pair of forbidden subgraphs).

A matching M in a graph of odd order is said to be a near-perfect matching if
every vertex of G but one is incident with an edge of M. We also characterize
‘H such that every H-free graph of sufficiently large odd order has a near-perfect

matching in the above cases.

keywords: perfect matching, near-perfect matching, forbidden subgraph

1 Introduction

In this paper, we consider the relationship between matchings of graphs and forbidden
subgraphs. Let H be a set of connected graphs. Then a graph G is said to be H-free if
no member of # is an induced subgraph of G. For a singleton set # = {H }, we say that
G is H-free instead of {H }-free. A K 3-free graph is often called a claw-free graph.
Las Vergnas [7] and Sumner [10] independently proved the existence of a perfect

matching in a connected claw-free graph of even order.

Theorem A ([7, 10]) Every connected claw-free graph of even order has a perfect

matching.

A matching M of a graph G of odd order is called a near-perfect matching if it has
s(IV(G)| — 1) edges, or equivalently, every vertex of G except for one is an endvertex of
an edge in M. As the counterpart of Theorem A, Jiinger, Pulleyblank and Reinelt [6]
proved the existence of a near-perfect matching in a connected claw-free graph of odd

order.

Theorem B ([6]) Every connected claw-free graph of odd order has a near-perfect

matching.

In [9], the fourth and the fifth authors investigated converses of the above theorems.
They considered the statement “every connected H-free graph of even (resp. odd) order
has a perfect (resp. near-perfect) matching”, and proved that K 5 and K 3 are the only

graphs having this property.

Theorem C ([9]) Let H be a connected graph of order at least three.
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(1) If there exists a positive integer ny such that every connected H-free graph G with
[V(G)| > no and |V(G)| = 0 (mod 2) has a perfect matching, then H = K, 5 or
H - K173.

(2) If there exists a positive integer ny such that every connected H-free graph G with
[V(G)| > ng and |V(G)| =1 (mod 2) has a near-perfect matching, then H = K, »
or H = K1,3.

As an extension of the above theorem, in this paper we forbid two or more connected
graphs and investigate what forbidden sets of this type force the existence of a perfect
matching and that of a near-perfect matching when the graph is sufficiently large. In
particular, we completely characterize those sets consisting of two forbidden subgraphs
(i.e. a pair of forbidden subgraphs).

We note that there are similar studies on hamiltonian cycles. Bedrossian [1] and
Faudree and Gould [4] determined all the pairs { H,, Hy} of connected graphs such that
every {Hy, Hy}-free 2-connected graph of sufficiently large order is hamiltonian. It may
be interesting to compare the results in [1] and [4] with Theorems 7 and 8 in this paper.

For graph-theoretic terminology and notation not defined in this paper, we refer the
reader to [3]. Given two or more graphs Gy, Gy, ..., G, on mutually disjoint vertex
sets, we define the join Gy + Gy + - - -+ Gy, of Gy, G, ..., G, by the graph with vertex
set Uiw, V(G) and edge set | J;", E(G) U{zy: z € V(Gi),y € V(Git1),1 <i<m—1}.
Also, for a positive integer n, we denote by nG the graph consisting of n disjoint copies
of G. We denote the maximum degree and the diameter of G by A(G) and diam(G),
respectively. For S C V(G), the subgraph of G induced by S is denoted by G[S]. A
component of a graph is called an odd (resp. even) component if its order is odd (resp.
even). The number of components of G is denoted by ¢(G), and the number of odd
components of G is denoted by ¢,(G). In this paper, when no possibility of confusion
arises, we often identify a subgraph of G by its vertex set. For example, if a vertex
x belongs to a component C of G, we often write x € C instead of x € V(C). The
cycle of order m is denoted by C), and the path of order m is denoted by F,,. We often
call C'5 a triangle. Let W = xox125...2, 1 beawalkin G. For 0 < i< j7<n-1,

we denote the subwalk x;x;1,...x;_17; by xiW)xj, and its reverse x;r;_1...T;417; by



P4 chair T6

Figure 1: Trees of diameter three and maximum degree at most three

(W)

xfoz Moreover, we denote by z;,, and x;_; by ™), z=W)

, respectively. A path
which starts at a vertex v and ends at a vertex v is called a uv-path.

The trees of diameter three and maximum degree at most three appear in this paper.
One of them is P;. The others, depicted in Figure 1, are denoted by chair and Ty. The
deficiency of a graph, denoted by def(G), is defined by def(G) = |V(G)| — 2| M|, where
M C V(G) is a maximum matching of G. Thus, a graph G has a perfect (resp. near-
perfect) matching if and only if def(G) = 0 (resp. def(G) = 1). Note that by definition,
def(G) = |V(G)| (mod 2).

Concerning the deficiency of a graph, Berge [2] has proved the following theorem,

which we use in this paper. It is sometimes called The Tutte-Berge Formula.
Theorem D ([2], see also [8, Theorem 3.1.14]) For a graph G,

def(G) = Srcn‘fm(%)(co(G - 8)—19)).

2 Poset Structure of Forbidden Subgraphs

In this section, in order to give a clear picture of the effect of forbidden subgraphs, we
define a certain partially ordered set, or a poset.

First of all, in order to avoid set-theoretic ambiguity, when we consider labelled
finite graphs, their vertices are always taken from the set of integers. Then the binary
relation of being isomorphic is an equivalence relation in the set of all the labelled finite
graphs. In this paper the set of all the (finite unlabelled) graphs is the quotient set by
this equivalence relation. Let G be the set of all connected graphs with three or more
vertices. For G, H € G, if H is an induced subgraph of G, we write H < G. If H is
not induced subgraph of GG, we write H £ GG. Thus, for H C G, a graph G is H-free if
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H £ G for any H € ‘H. Note that < is a partial order in G. Let

Hy = {H C G: there exists a positive integer ny such that every connected H-free

graph G with |G| =0 (mod 2) and |G| > ng has a perfect matching},
and

H, = {H C G: there exists a positive integer ny such that every connected H-free

graph G with |G| =1 (mod 2) and |G| > ny has a near-perfect matching}.

The purpose of this paper is to investigate Hy and Hj.
First, we remove redundant members in a set of forbidden subgraphs. The following

lemma is trivial, but worth noting.

Lemma 1 Let Hy, Ho C G. If Hy C Hs, then every Ho-free graph is H,-free. In
particular, if H, € H;, then Hy € H; (1 =0, 1).

By this lemma, H; is determined by its inclusion-minimal elements (¢ = 0, 1). Let H]

be the set of inclusion-minimal elements of Hj:
H ={HeH;:H¢Hforany H' € H;— {H}} (i=0,1).

We claim that if H € H, then no pair of members in H are comparable with respect

to <.

Lemma 2

(1) Let H C G and let Hy, Hy € H. If Hy # Hy and Hy < H,, then every (H —{H>})-
free graph is H-free.

(2) Let i € {0,1} and let H € H. Then H, # H, for each pair of distinct graphs
Hl, H2 inH.

Proof. (1) Assume that there exists an (H — {Hz})-free graph G which is not -free.
Then Hy < G, and since Hy < H,, we have H; < G. Since Hy # Hy, H; € H — {H>}.
This contradicts the assumption that G is (H — { Ho})-free.

(2) If HA < H, for some pair of distinct graphs H;, H, in H, then by (1) every
(H — {Hs})-free graph is H-free, which implies H — {Hs} € H;. This contradicts the
minimality of H. O



Next, we introduce a binary relation < in H]. Let H;, H, € H]. Then we write
H, < H, if for each H € H, there exists a graph H' € ‘H; with H' < H.

Lemma 3
(1) The relation < is a partial order in H! (i =0, 1).

(2) Let Hy, Hy C G. Suppose Hi < Hy. Then every H,-free graph is Ho-free. In
particular, H, € H; implies H, € H; (i =0, 1).

Proof. (1) By the definition of <, it is obviously reflexive. Suppose H; < H, and
Hy < Hs for Hy, Ho, Hz € H]. Let H € Hj. Then since Hy < Hs, H' < H for some
H' € H,, and since H; < Ho, H" < H' for some H" € H;. Hence H” < H. Therefore,
Hi; < Hs and < is transitive.

Suppose Hi; < Hy and Hy < H,. Let H € H,. Then since Hy < Hy, H < H for
some H' € Ho, and since H; < Ho, H" < H for some H"” € H,. Therefore, H" < H.
By Lemma 2 (2), this implies H” = H. Then H = H', which yields H € #H,. Therefore,
we have H; C Hy. By symmetry, we also have Ho C H; and hence Hq, = H,. Therefore,
< is anti-symmetric.

(2) Assume G is Hi-free but not Hy-free. Then H < G for some H € Hy. Since
H, < Hy, H < H for some H' € H; and this implies H' < G. This contradicts the

assumption that G is H;-free. O

By Lemma 3, H] is determined by the maximal elements with respect to <.

Using this partial order, we restate Theorems A, B and C in the following way.

Theorem E Let H C G and suppose |H| = 1. Then
(1) H € H| if and only if H < {K, 3}, and
(2) H € Hy if and only if H < {K, 3}.

In other words, {K 3} is the only maximal element in H that consists of exactly one

forbidden subgraph (i =1, 2).
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Figure 2: Ty, T7 and Ty
3 Forbidding Trees

In the arguments below, we characterize families in H] in several cases in which the
forbidden subgraphs are certain types of trees. Thus, we first investigate the families in
H which consist only of trees.

We have defined the tree 7§ in Section 1. It is a unique tree having degree sequence
(3,3,1,1,1,1). For n > 7, let T,, be the tree obtained from Ty by replacing the edge
joining the two vertices of degree three with the path P, 4. Note that the order of T,
is n. (Figure 2.) Let Ty = {Kya43} U{T,: n > 6}.

First, we prove that every connected 74-free graph has deficiency at most d.

Theorem 4 A connected Ty-free graph G with |G| = d (mod 2) satisfies def(G) < d.

Proof. Assume def(G) > d. By the parity of |G|, def(G) > d + 2, and by Theorem D
co(G—95) > |S|+d+2 for some S C V(G). Choose such S so that S is inclusion-minimal.
Note that S # ) since G is connected.

For x € S, let C(x) be the set of all the components of G — S that contain a neighbor
of x. Also, for z € S, let S" = S — {z}. By the minimality of S, ¢,(G — S') < |S'| + d.
Since ¢,(G — S") > ¢,(G — S) — |C(x)], we have

S| —1+d=15"+d>c,(G—5") >¢c,(G=S5)—|C(z)] > |S|+d+2—|C(x)].

Therefore, we have |C(x)| > 3 for each x € S.

Since @ is connected, ||J,esC(@)| = ¢(G = S) > (G —S) > |S| +d + 2, and
SU (UwES Ucecw) V(C)) = V(G). Let T be an inclusion-minimal subset of S which
satisfies conditions (1) and (2) below, where Gy = G [T U (UxeT Ucect) V(C’))]

(1) Gy is connected, and



(2) Uper C@)| 2 IT| +d + 2.

By the condition (2), 7' # (). Take two vertices z, y € T so that a longest zy-path P in
Gr is as long as possible.

If |T| =1, then © = y and the condition (2) implies |C(z)| > d + 3. But this implies
that G has an induced K 443. This is a contradiction. Thus, we have |1'| > 2.

For each v € T', define C*(v) by C*(v) = C(v) = U,er—(py €(u). In other words, C*(v)
is the set of components C' in C(v) that satisfy No(C)NT = {v}.

We next claim that G'y_(4} is connected. Note Gyp_gpy = Gp— ({x} U (UCGC*(x) V(C’)))
Let D be the component of Gy} that contains y. Let v € T — {«}. Since G is con-
nected, there exists a vy-path @) in Gr. For each C' € C*(z), since Ng(C)NT = {z} and
yeT —A{x}, V(Q)NC = 0. Thus, if v ¢ V(Q), Q is also a path in Gy _rz) and hence
v € D. Suppose x € V(Q). Let 2’ = =@ If 2/ € T, then since 2’ € Ng(x) and P is
a longest path joining two vertices in 7', we have 2’ € V(P), and vax’?y is a walk in
Gr_{s). This again implies v € D. If 2’ ¢ T', then 2’ € C for some C € C(x) — C*(x),
and C € C(z) for some z € T'— {z}. Let u € Ng(z) NC and let R be a uz'-path in
C. Then v@)x’%uz is a walk in G7_{,) and v and z belong to the same component of
Gr_qz3- H(V(R)U{z})N(V(P) —{z}) =0, then zuﬁx’x?y is a path in G, which is
longer than P, contradicting the choice of P. Hence (V(R) U{z}) N (V(P)—{z}) #0,
which implies z € D and hence v € D. Now we have v € D in every case, and hence
T —{z} CD.

Let v € V(Gr_{s3) —T. Then v € C for some z € T — {z} and C' € C(z). Since
z € D and Ng(z) NC # 0, we have v € D. Therefore, V(Gyr_iz3) = D and the claim
follows.

By the above claim and the choice of T',

User 1 C0)| < [T~ {a}|+d+1 = [T]+d.
However, UveTf{x}C(v)‘ = |Uper C(v)| = [C*(2)], and hence |T|+d > |Uyer C(v)| —
IC*(x)| > |T| +d+2—|C*(x)|, or |C*(x)] > 2. By symmetry, we also have |C*(y)| > 2.

Let C, and D, be two distinct components in C*(x). Similarly, let C,, and D, be two
distinct components in C*(y). Let ¢, € Ng(x) N Cy, dy € Ng(x) N Dy, ¢y, € Ni(y) NC,
and d, € Ng(y) N D,. Let P' be a shortest zy-path in Gy. Then V(P')NC, =
V(PYND, =V(P)NnC, =V(P)NnD,=0. Again by the definition of Cy, Cy, D, and
Dy, Ne({¢s, ¢y, dy, dy}) 0 (V(P') — {z,y}) = 0. Therefore, P'U {c,, ¢y, dy,d,} induces



T, for some n, n > 6. This is a final contradiction, and the theorem follows. O

By Theorem 4, we see that 7y € Hy and 7; € H;. It is clear that no pair of graphs
in 7; are comparable with respect to <. However, 7, has the minimum element K ;.
Thus by Lemmas 2 and 1, the class of 7y-free graphs coincides with the class of claw-free

graphs.

4 Forbidding Triangle-Free Graphs

In this section, we show that if no forbidden subgraphs contain a triangle, then the

problem on the existence of a (near-)perfect matching becomes quite simple.

Theorem 5 Let H € H|. If every graph in H is triangle-free, then H < {K; 3}.

Proof. Since # € H, there exists a positive integer ny such that every H-free graph
G with |G| =0 (mod 2) and |G| > ng has a perfect matching. Let n be an even integer
greater than max{ng, 3}, and let F} denote the graph obtained from K, , by adding
two new vertices, each of which has degree one in F; and both are adjacent to the same
vertex in K,,_5. Then F| does not have a perfect matching, and hence H < F) for some
H € H. However, every connected triangle-free induced subgraph of Fj is an induced

subgraph of K 3. Therefore, H < K 3. This implies H < {K 3}. d

Theorem 6 Let H € Hj. If each graph in H is triangle-free, then H < 7.

Proof. Since H € Hj, there exists a positive integer ny such that every connected H-
free graph G with |G| > ng and |G| =1 (mod 2) has a near-perfect matching. Let k be
an integer with k£ > 6, and let V7, ..., Vi_4 be mutually disjoint nonempty sets of vertices
of order nq,...ng_4, respectively. Let G; be the complete graph on V; (1 <i < k —4).
We fix a vertex ug in V; and a vertex vy in Vj_4. Introduce four new vertices uy, us, vy,
vy. Let F, be the graph obtained from G, + G, + - - - + G4 by adding four edges u;uq,
Uy, V1Vg and vavy. The order of F, is Zf:_f n; + 4. We adjust ny,...,ni_4 so that
Zf:_f n; + 4 is an odd integer greater than max{ng,3}. Since F, has no near-perfect

matching, H < F, for some H € H. However, every connected triangle-free induced



subgraph of Fy is an induced subgraph of Ty. Therefore, for each k£ > 6, there exists a
graph H € ‘H with H < Tj,.

Next, let n be an odd integer greater than max{ng,3}, and let F3 be the graph
obtained from K,,_3 by adding three vertices that have degree one in F3 and are adjacent
with the same vertex in K, 3. Then Fj has no near-perfect matching. This implies
H < Fj for some H € H. However, every connected triangle-free induced subgraph of
F3 is an induced subgraph of K, 4. Therefore, H < K, 4. Therefore, we have H < 7.
O

By Theorems 4, 5 and 6, we see that { K 3} determines all the triangle-free forbidden
graphs that force the existence of a perfect matching, and that 7; determines all the

triangle-free forbidden graphs that force the existence of a near-perfect matching.

5 Forbidding Pairs of Graphs

In this section, we determine all the pairs of forbidden subgraphs that force the existence
of a perfect matching and a near-perfect matching. It is equivalent to determine the

families in H) and H] that consist of two graphs. First, we consider Hy.

Theorem 7 If H € H| and |H| < 2, then H < {K3}.

Proof. Suppose # € Hj and |H| < 2. By Theorem 5, we have only to prove that
each graph in H is triangle-free.

Assume, to the contrary, that # contains a graph H which has a triangle. By the
assumption, there exists a positive integer ny such that every connected H-free graph
G with |G| =0 (mod 2) and |G| > ng has a perfect matching. Let n be an even integer
with n > max{ng,4}. Since K;,_; has no perfect matching and the only connected
induced subgraphs of K ,_; are stars, K, € H for some k > 0. Since H contains a
triangle, H # K, ;. Therefore, H = {H, K, x}.

Let F} be the graph obtained from K, 3 by replacing one edge with P,_,. Then F} has
no perfect matching, and hence Fj is not H-free. Since |Fy| =n =0 (mod 2), |Fy| > ny,

Fy has no triangle and H has a triangle, we have K, < Fj. This is possible only if
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k < 3. However, Theorem A implies {K; 3} € Hy. This contradicts the minimality of
H. O

Theorem 7 says that {K;,} and {K; 3} are the only families in H| consisting of at
most two forbidden subgraphs. In particular, if we forbid a pair of subgraphs to force
the existence of a perfect matching, then one of them is always redundant. On the other
hand, we now show that there exist a pair of forbidden subgraphs forcing the existence

of near-perfect matching such that a neither member of the pair is redundant.

Theorem 8 If H € H{ and |H| < 2, then H < {K, 4, chair}.

Proof. First, we claim that each graph in H is triangle-free. Assume, to the contrary,
that H has a graph H which contains a triangle. Since H € H7, there exists a positive
integer ny such that every connected H-free graph G with |G| =1 (mod 2) and |G| > ng
has a near-perfect matching.

Let n be an odd integer greater than max{ng,4}. Then K;,_; has no near-perfect
matching and hence it is not H-free. This implies that K, € H for some k > 0. Since
H has a triangle, H # K, j and hence H = {H, K, }.

Consider T;, with n =1 (mod 2) and n > max{ng,6}. Then 7}, has no near-perfect
matching and hence T}, is not H-free. On the other hand, since H contains a triangle,
H £ T,, and hence K;; < T, which implies £ < 3. However, by Theorem B, this
implies {K;,} € Hj, which contradicts the minimality of H. Therefore, the claim
follows.

By the above claim and Theorem 6, # < 7;. If |H| = 1, then H < {K;3} by
Theorem E and since {K; 3} < {Kj 4, chair}, the theorem follows. Thus, we may assume
|#| = 2. Then again by Theorem E and the minimality of H, K, 3 ¢ H. On the other
hand K;4 € 71 and H < T;. These imply K,4 € H. Since {T5,77} C Ti, H < Ty,
Ki4 £ T and Ky 4 A 17, H can be written as H = {K; 4,7} for some T" satisfying
T < Ts and T < T7. This implies T' < chair. Therefore, H < {K 4, chair}. O

Since the only families H in H; with |H| = 2 and H < {K, 4, chair} are {K,4, P;}
and {K 4, chair}, we have exactly two pairs forcing the existence of a near-perfect

matching such that neither member of the pair is redundant.
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Figure 3: Z;
6 Forbidding Three Graphs

For a positive integer n, we define G, by G,, = {H C G: |H| < n}. Theorems E, 7
and 8 say that Gy N H|), GiNH;, Gy N H} and G, N Hj all have a maximum element
with respect to <. However the situation changes for G3 N H{ and G N H;. They
have no maximum element. Let Z; be the unique graph having the degree sequence
(3,2,2,1) (see Figure 3). Gould and Harris [5] studied forbidden subgraphs which force
the existence of a hamiltonian path. Let Y; be the tree obtained from the tree 1;,5 by

removing one endvertex.

Theorem F For any integer m and [ with m > 4 and | > 4, there exists a positive
integer ngy such that every connected { K, ,,, Y], Z1}-free graph of order greater than ny

has a hamiltonian path.

Note that a graph with a hamiltonian path has a perfect matching (resp. near-perfect
matching) if its order is even (resp. odd). Thus, Theorem F implies {K;,,,Y;, Z1} €
Gs N H| N Hj for each m and [ with m > 4 and | > 4. In particular, for each [ > 4,
{{K1m, Y1, Z1}: m > 4} forms an infinite chain with respect to <, and hence neither

Gs N H| nor Gz N Hj has a maximum element.

7 Conclusion and Remarks

We have defined G, in the previous section. We define G by
Gr = {H C G: each H € H is triangle-free}.

By the results in [9] and this paper, several parts of the posets H/ and Hj are deter-

mined:
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GTDH('):{HCQ:HS{Kl,3}}

GrNH, ={HCG: H<T}

GiNH)={HCG:H<{Ky;}}

GlﬂHiz{HCQ:HS{Kl,:&}}

GZDHS:{HCQ:HS{KL?,}}

G:NH| ={H CG:H <{Kyy,chair}}

Moreover, we have proved that neither G's N Hy nor G3 N Hj has a maximum element.
These results seem to suggest that the structure of G,, N H] becomes more complicated
as n grows (i =1, 2).

As an extension of Hy and Hy, we can define Hy as

H, = {#H C G: there exists a positive integer ny such that every connected H-free

graph G with |G| =d (mod 2) and |G| > ny satisty def(G) < d}.

Lemmas 1, 2 and 3 hold for Hgq and hence Hy is determined by the set H, of its
inclusion-minimal elements, and H, is determined by its maximal elements with respect
to the partial order <. Define T by T = {H C G: each H € H is a tree}. Theorem 4
says that 7 € T'N Hq for each d > 0, and Theorems 5 and 6 imply TN H), = {H C
G:H < Tq} for d € {0,1}. But we do not know whether T' N H, coincides with
{HCG:H<L Ty} ford>2.

In [9], G1 N H], is characterized for each d > 0.

Theorem G ([9]) For each d >0, H € Gy N H], if and only if H < {K,3}.

But the structure of Gy N H); is unknown.
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