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Abstract

A set S of vertices in a graph G is said to be an edge-dominating set if every
edge in G is incident with a vertex in S. A cycle in G is said to be a dominating
cycle if its vertex set is an edge-dominating set. Nash-Williams [7] has proved that
every longest cycle in a 2-connected graph of order n and minimum degree at least
%(n+ 2) is a dominating cycle. In this paper, we prove that for a prescribed positive
integer k, under the same minimum degree condition, if n is sufficiently large and
if we take k disjoint cycles so that they contain as many vertices as possible, then
these cycles form an edge-dominating set. Nash-Williams’ theorem corresponds to
the case of k = 1 of this result.

keywords: dominating cycle, edge-dominating, hamiltonian cycle

1 Introduction

A set of vertices S in a graph G is said to be an edge-dominating set if every edge in G is
incident with a vertex in S. Equivalently, S is called an edge-dominating set if V/(G)— S
is either an empty set or an independent set of G. An edge-dominating set is also called
a vertex cover in some textbooks, for example in [3]. A cycle C' in a graph G is said
to be a dominating cycle if V(C) is an edge-dominating set of G. A dominating cycle
is also called a D-cycle or Ds-cycle. By definition, a hamiltonian cycle is a dominating
cycle. But not every dominating cycle is a hamiltonian cycle. Thus, the dominating
cycles form a broader class than the hamiltonian cycles.

The relationship between cycle-related properties and the minimum degree of a graph
has long been studied in graph theory. Dirac’s Theorem [5] is one of the oldest results

in this topic.

Theorem A (Dirac [5]) A graph of order n > 3 and minimum degree at least 3n has

a hamiltonian cycle.

The bound %n of the minimum degree is sharp. In fact, the complete bipartite graph
Kym+1 has order n = 2m + 1 and minimum degree m = %(n — 1), but it does not have
a hamiltonian cycle.

Dirac’s Theorem has been extended in many directions. One of them is to replace
the existence of a hamiltonian cycle with that of a dominating cycle. Since the class
of dominating cycles is broader than that of hamiltonian cycles, one may expect that

a weaker minimum degree condition guarantees the existence of a dominating cycle.

Actually, Nash-Williams [7] has proved the following.

Theorem B (Nash-Williams [7]) Let G be a 2-connected graph of order n and min-

imum degree at least %(n + 2). Then each longest cycle in G is a dominating cycle.



Though the conclusion of the above theorem is stronger than just the existence of a
dominating cycle, the bound %(n + 2) is best-possible even if we concern the existence
of a dominating cycle. For m > 2, let G be the graph obtained by joining K,, and
(m 4 1)K,. Then the minimum degree of G is m + 1 = +(|G| + 1). However, G has no
dominating cycle.

Another extension of Dirac’s Theorem discusses the existence of a 2-factor with a
specified number of components. A hamiltonian cycle can be interpreted as a 2-factor
with one component. This interpretation leads us to a minimum degree condition for a
graph to have a 2-factor with k components, where k is a prescribed positive integer.

This direction of research has been carried out by Brandt et al. [2].

Theorem C ([2]) Let k be a positive integer, and let G be a graph of order n. If
n > 4k and degq(x) +degq(y) > n for every pair of nonadjacent vertices x, y in G, then

G has a 2-factor with k components.

The purpose of this paper is to combine the above two directions of research. In
the same way as Brandt et al. have extended a hamiltonian cycle into a 2-factor with
a specified number of components, we extend Nash-Williams’ Theorem, and give a
minimum degree condition for a graph to have a specified number of disjoint cycles
which form an edge-dominating set.

Let C = {C4,...,C} be a set of k disjoint cycles. Then we define | JC and n(C) by
UC =Uecee V(C) and n(C) = ||JC|. We say that C is maximum if there does not exist
another set of k disjoint cycles ¢’ with n(C') > n(C). The following is the main theorem
of this paper.

Theorem 1 Let k be a positive integer, and let G be a 2-connected graph of order
n > 44 and minimum degree at least +(n + 2). Then for every maximum set C of k

disjoint cycles, | JC is an edge-dominating set of G.

Note that the bound #(n+2) is best-possible. The sharpness example G = K, +(m+
1)Ky of Nash-Williams” Theorem has & disjoint cycles if m > k, but does not have an
edge-dominating set which induces a subgraph with a 2-factor. Note also that Theorem 1
does not guarantee the existence of k disjoint cycles. If a graph G in Theorem 1 does
not have £ disjoint cycles, the conclusion holds in a vacuous way. For a minimum degree
condition for the existence of k disjoint cycles, we refer the reader to the following

theorem.

Theorem D (Corradi and Hajnal [4]) A graph of order at least 3k and minimum
degree at least 2k has k disjoint cycles.



Later, Enomoto [6] has extended this theorem. For a noncomplete graph G, we
define o9(G) by

09(G) = min{deg,(x) + degs(y): z,y € V(G),zy ¢ E(G), and = # y}.

If G is a complete graph, we define 03(G) = +00. Enomoto [6] has proved a relationship

between o9(G) and the existence of disjoint cycles.

Theorem E (Enomoto [6]) A graph G with |G| > 3k and 02(G) > 4k — 1, then G
has k disjoint cycles.

We use this theorem in the proof of one lemma.

In the next section, we prepare several lemmas. Then in Section 3, we give a proof
of Theorem 1. We also make a slight improvement to this theorem. In Section 4, we
give concluding remarks.

For standard graph-theoretic terminology not explained in this paper, we refer the
reader to [3]. Let W = wpw; ... w; be a walk in a graph G. We call [ the length of W
and denote it by [(W). We call wy and w; the endvertices of W. For 0 <i < j <[, we
denote the subwalk w;w;y1...w; by wiW)wj, and its reverse wjw; 1 ...w; by ijwi.
We define the successor w;“ and the predecessor w, by w;“ = wit1 and w; = wi_1.
We also define w; ™ by wit = w;ys. If A C V(W), then we define A* and A~ by
AT ={wr:w e A} and A~ = {w™: w € A}. If C is a set of disjoint cycles, then for
each z € | JC, there exists a unique cycle C' € C such that 2 € V(C'). Then 2™ is defined
to be the successor of = in C. For u, v € V(G), a path which starts at v and ends at v
is called a uv-path. A graph is said to be trivial if its order is one.

Let G be a graph, x be a vertex in G and H be a subgraph of G. Note that possibly
x ¢ V(H). Then we define Ny (z) to be the set of the neighbors of = contained in V' (H).
We define the degree degy(z) of x in H by degy(z) = |Ng(x)|. We denote by a(G) be
the independence number of G.

Let T be a tree. Then for any pair of vertices u, v of T, there exists a unique uv-
path in 7. We denote this path by uTv. A vertex of degree one in a tree T is called an

endvertex of T.

2 Lemmas

In this section, we prepare several lemmas, which we frequently use in the proof of the
main theorem. The next two lemmas easily follow from the maximality of & disjoint

cycles and standard arguments.

Lemma 2 Let C be a maximum set of k disjoint cycles in a graph G, and let H be a
component of G —|JC. Then N j¢(H) N Ny (H)T = 0.
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Figure 1: C in the proof of Lemma 4
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Lemma 3 Let C be a maximum set of k disjoint cycles in a graph G, and let H be a
component of G —|JC. Let C € C and suppose C' has a pair of distinct neighbors x, y
of H. Then

(1) zty* ¢ B(G),
(2) Na(zt)™ N Ne(y™) nV(etTy) =0,
(3) Na(zt) N Na(yt)~ N V(y*Cx) = 0, and

(4) Ng_yel(a®) N Ng_yely®) = 0.

The next three lemmas deal with two or more cycles in a maximum set of disjoint

cycles.

Lemma 4 Let C be a maximum set of k disjoint cycles. Let H be a component of
G — |JC and let Cy € C. Suppose there exists a pair of edges ux and vy in G with
{u,v} CV(H), {z,y} C V(C}) and = # y. If H has a uv-path P such that H — V(P)
has a cycle, then for each C € C —{C1}, No(z7)™ N Ne(yh) = 0.

Proof. Let D be a cycle in H — V(P). Assume N¢(z1)™ N Ne(y™) # 0, and let a €
Ne(z) NN (y). Let C' = u?vy&m"‘a"’ﬁay"'c_)'lmu and C' = (C—{C4,C}HU{C',D}
(see Figure 1). Then C' is a set of k disjoint cycles with n(C’) > n(C). This contradicts
the maximality of C. EI

Lemma 5 Let G be a graph and let C be a maximum set of k disjoint cycles. Let
H be a component of G — |JC. Let Cy and Cy be a pair of distinct cycles in C, and
suppose that there exists a pair of edges ux, vy in G with {u,v} C V(H), z € V(C}) and
y € V(Cy) (possibly uw = v). Further, suppose H has a uv-path P such that H — V (P)
has a cycle. Then

(1) Ney(zT)” N Ny (yt) = 0. In particular, xty* ¢ E(G), and
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Figure 2: C in the proof of Lemma 6

(2) Ne—yel(z) N Ne_yelyt) =0.

Proof. Let D be a cycle in H — V(P).

(1) Assume N¢, (z7)™ N Ne, (y™) # 0, and let a € N¢, (z7)™ N N, (y+). Note that
a#x. Let C' = u?vy&yJ“aaeraJ“C_)’lmu, and let C' = (C—{Cy,C2})U{C’, D}. Then
C' is a set of k disjoint cycles with n(C’) > n(C). This is a contradiction.

(2) Assume Ng_(je(zt) N Ng_ye(y™) # 0, and let a € Ng_(je(z) N Ng_ye(yt). By
Lemma 2, a ¢ V(H). Let C' = uWPoylaytaztCrau and ' = (Cc—-{Cy,CHu{C’ D}.
Then (' is a set of k disjoint cycles with n(C') > n(C). This is a contradiction. O

Lemma 6 Let G be a graph, and let C be a maximum set of k disjoint cycles (k > 3).
Let H be a component of G — |JC, and let Cy and Cy be a pair of distinct cycles in
C. Suppose there exists a pair of edges ux, vy with {u,v} C V(H), z € V(C}) and
y € V(Cy) (possibly w = v), and H has a uv-path P such that H — V(P) has a pair of
disjoint cycles. Then for each C € C — {C1,Cs}, No(z7)™ N Ne(yt) = 0.

Proof. Let D; and Ds be a pair of disjoint cycles in H — V(P). Assume N¢(zt)™ N
Ne(yt) # 0, and let a € Ne(z™)™ N Ne(yh). Let C' = u?vyt_'gera@a%J“C_)’lxu and
C'=(C—{C1,C2,C}HU{C", D1, Do} (see Figure 2). Then (' is a set of k disjoint cycles
with n(C") > n(C), a contradiction. O

We prepare two more lemmas. The first one is a simple observation.

Lemma 7 Let G be a connected graph.

(1) Let v and v be vertices in G and let P be a shortest uv-path in G. Then for each
w € V(G) = V(P), degg_y(py(w) > degg(w) — 3.

(2) Suppose G has a cycle and let C' be a shortest cycle. Then for each w € V(G) —
V(C), degg_v(c)(w) > degg(w) —3. Moreover, if the equality holds, then |C| =3
and V(C) C Ng(w).



Proof. (1) Ifdegq v (py(w) < degg(w) — 4, then degp(w) > 4. Choose a, b € Np(w)
so that a Pb is as long as possible. Then since |V(a?b)| > 4, uPawbPu is shorter
than P. This is a contradiction.

(2) The proof of degg_y()(w) > degg(w) — 3 is the same as that of (1). Suppose the
equality holds. Let No(w) = {uq,u2,us}. We may assume that uy, uy and ug appear
in the consecutive order along C. Then since ulwu;),ﬁul is not shorter than C, we
have ug = u;' and uy = uf We can apply the same argument to uswu, ﬁUQ to obtain

U = ugr Therefore, C = ujusuzuy. [l

Lemma 8 Let G be a graph of order at least two. If G has no pair of disjoint cycles,
then at least one of the following holds.

(a) G has a pair of distinct vertices u, v and uv-path P such that deg(u)+degq;(v) <6
and [(P) > 2.

(b) G has a pair of distinct vertices u, v with degq(u) + degq,(v) < 2.
(C) G~ K5
(d) G~ K5 UK,

Proof. First, we prove the lemma in the case that G is connected. We assume that
G neither satisfies (a) nor (b), and prove G ~ K.

If |G| > 6, then by Theorem E, G has a pair of nonadjacent vertices u, v with
degg(u)+degg(v) < 6. Since G is connected, u and v can be joined by a path of length at
least two, and hence (a) holds, a contradiction. Therefore, |G| < 5. If G is not complete,
G has a pair of nonadjacent vertices u, v. Then max{degq(u),degg(v)} < |G| -2 <3
and again since G is connected, v and v can be joined by a path of length at least two.
Therefore, (a) follows. This is again a contradiction, and hence G is a complete graph.
Since K4 and K3 satisfy (a) and K satisfies (b), we have G ~ K.

Next, suppose G is disconnected. If G has two or more acyclic components, or G has
an acyclic component of order at least two, then G has a pair of distinct endvertices, and
(b) holds. On the other hand, by the assumption, G does not have a pair of components
which contain a cycle. Therefore, G has exactly two components, one of which contains
a cycle and the other is a trivial component. Let H be the component containing a
cycle. Since H does not have a pair of disjoint cycles, does not satisfy (a) or (b), and it
is connected, we have H ~ Kj5. Therefore, we have G ~ K5 U K and (d) holds. O

3 Proof of the Main Theorem

Now we prove the main theorem.



Proof of Theorem 1. If G has no set of &k disjoint cycles, then the theorem vacuously
holds. Thus, we may assume that G has a set of k disjoint cycles. Let C be a maximum
set of k disjoint cycles, and assume that | JC is not an edge-dominating set. Let H be a
maximum component of G —JC. Then |H| > 2. Since G is 2-connected, there exists a
pair of independent edges uz, vy in G with {u,v} C V(H) and {z,y} C |JC. Let P be
a shortest uv-path in H.

Claim 1 H — V(P) does not have a pair of disjoint cycles.

Proof. Assume, to the contrary, that H — V' (P) has a pair of disjoint cycles Dy and Ds.
We consider two cases.

Case 1: z and y lie in the same cycle in C.

Let Cy be a member of C with {z,y} C V(Cy). Let

X; = Ney(zH) NV (@t Cly), Xo = Ne,(ah) NV (y*Cra),
Xz= |J Nel@), Xi=Ng_yele?),
ceCc—{C}
_ + +7 _ +\— +or
Y1 = Ne,(y" )NV (2" Cly), Yo=N¢,(y")” NV(y Cix),
Y3 = U NC(y+)7 Yy = NG*UC(y+)7
ceCc—{C}

4 4
X = UXi and Y = UY;
i=1 i=1

Since X1, X3, X3 and X, are pairwise disjoint and y* ¢ N¢, (z) by Lemma 3 (1),

|X| = |X1| + | Xo| + | X3| + | X4]
_ —> —> _
= |Ne, (=) NV (z"Cly)| + |Ne, (F) NV (y* Cla)| + Z INc(z%) 7|+ [Ng_ye(z™)

cec—{C}
= [Ny (=) V(@ Cly ") + INo, () NV (gt Cra) + S INe(@h)] + [No_yela™)]
ceCc—{C1}
= dege, (¢7) + Z degc(27) + degg_ye(e™) = degg(a™).

ceCc—{C:}
Similarly, we have Y| = degq(y™).
By Lemma 3 (2), (3), (4) and Lemma 4, X NY = 0.
Assume {a,a’} C X UY for some a € Nj¢(u) — {z,y}.

o Ifac V(m+C_>’1y_), then by Lemma 3 (1), we have a* € X and a € Y;. Note
that by Lemma 2, a™ # y and hence a™" € Ng(xz™) N V(ac+C_'1>y). Let C' =
uﬁvy&a"""x"’ﬁﬁay“‘?’lxu and C' = (C —{C1})u{C"}.

o Ifac V(y+C_'1>x*), then again by Lemma 3 (1) and Lemma 2, we have a € Ng(z)

++ + +o ' — W PovthztaCiutattC r_

and a™" € Ng(yT)NV(y"Ciz). Let C' = u PvyCixTaCryTa™ " Cilazu and C' =
(€ —{c}) u{C'}



o Ifa € Ugee—icyy V(O), let a € V(C2), C2 € C = {C1}. Then by Lemma 5 (1),
at € X3 and a € V3. Let C' = u?vyt_’liraJ“JrC_';ayJ“C_)’lxu and ' = (C —
{C1,C2}) U{C, Dy}

Then in each case, since u # v, C' is a set of k disjoint cycles with n(C") > n(C). Thisis a
contradiction. Therefore, for each a € Ny j¢(u) —{z,y}, we have {a,a™} ¢ XUY and we
can take f(a) € {a,a™} such that f(a) ¢ XUY. By Lemma 2, f: N c(u)—{z,y} = UC
is an injection. Let Z = {f(a): a € Ny¢(u) —{z,y}} UNg(u). Then |Z| > degq(u) —2,
and by the definition of f and Lemma 2, we have ZN (X UY)=0andu ¢ XUY UZ.

Therefore,

n—1>[XUYUZ|=|X|+|V|+|Z] > degg(u) — 2+ degg(z™) + degg(y™)

> <n;_2>-3—2:n.

This is a contradiction, and the claim follows in this case.

Case 2: z and y belong to different cycles in C.
Let z € V(Cl) and y € V(Cg) for C1, Cy € C, Cy # C5. Let

X1 =Ne, (217, Xp=Ne,(=zh), Xs= |J Ne@h)™, Xi=Ng_yela?),
cec—{C1,C2}
Yi=No ("), Ya=NoWh™, Ys= |J Nelw'), Yi=Ng yelh),
CceC—{C1,Ca}

X:X1UX2UX3UX4, andY:Y1UY2UY3U1/4.
Note that X1, X2, X3 and X, are pairwise disjoint, and

|X| = | X1 | + | Xo| + | X3] + | X4]

= Ne, (") 7|+ Ny (@ D)+ D INe(a®) [+ [Ng—ye(=h)
cec—{C1,0Cs}

= [Ney (@) + [Ny (D) + Y- INe(@™)] + [Na_ye(a™)| = degg(z7).
ceC—{C1,C2}
Similarly, we have |Y| = degq(y*). By Lemma 5 (1), (2) and Lemma 6, X NY = 0.
Assume {a,a*} C X UY for some a € Nj¢(u) — {z,y}.

e If a € V(Cy), then by Lemma 3 (1) and Lemma 5 (1), a € Y; and a™ €
X;. By Lemma 2, a* # z, and hence a** € Ng(z™) N V(aC_>’1m). Let C' =
u?vy&y"’a rotattClau and ¢ = (C —{Cy,C2}) U{C", Dy }.

e If a € V((C5), then again by Lemma 3 (1), Lemma 5 (1) and Lemma 2, a € X,
+ ++ o ' — W BovthattutCoaxtCl r_
at € Yy and a € V(aCyy). Let C' = u PoyCya™ Tyt CoazxtCrozu and C' =
(C —{Cy,Co}) U{C", Dy}.



o Ifa ¢ V(CI)UV(CQ), let a € V(C3), Cs € C—{Cl,CQ}. By Lemma 5 (1), at € X3
and a € V3. Let ¢! = u?vyt_’geraﬁgaJ“erJ“C_)’lxu and C' = (C — {C1,Cs,C3}) U
{ClaDlaDQ}-

Then in each case, C' is a set of k disjoint cycles, and since u # v, n(C') > n(C). This
is a contradiction. Therefore, for each a € Nj¢(u) — {z,y}, we have {a,a’} Z X UY
and we can take f(a) € {a,a™} such that f(a) ¢ XUY. Let Z = {f(a): a € Nyel(u) =
{z,y}} UNg(u). Then f is an injection, and hence |Z| > degq(u) —2. By the definition
of f and Lemma 2, we have ZN (X UY) =0 and u ¢ X UY U Z. Therefore, we have

n—1>|XUYUZ =|X|+|Y]|+|Z|

=degg(r7) + degi(yt) +degu(u) —2> =(n+2)-3—-2=n.

W =

This is a contradiction, and Claim 1 follows. O

Claim 2 H has a pair of distinct vertices wy and wo such that either

(1) deg(wy) + degy(we) < 12 and wy and wy are joined by a path of length at least

two, or

(2) degp(wyi) + degy(wy) <6

Proof. Assume, to the contrary, that no pair of distinct vertices satisfies (1) or (2). By

Claim 1, H — V(P) has no pair of disjoint cycles. Therefore, by Lemma 8,

(a) there exists a pair of distinct vertices wi, wy in H —V/(P) such that degy_y(p)(w1)+

degy_y(p)(wz2) < 6 and w; and wy are joined by a path of length at least two.

(b) there exists a pair of distinct vertices wy and wy in H —V (P) with degy_y(p)(w1) +
degw_v(p) (w2) <2,

(¢) H—-V(P) ~ Ks, or
(d) H—V(P) ~ K5 UKj.

If (a) occurs, then by Lemma 7 (1), degy(w;) < degy_v(py(wi) +3 (i =1, 2), and (1)
follows. This is a contradiction. If (¢) occurs, degy (u) < degp(u) +5 = 6, degy (v) <6
and hence degy(u) + degy(v) < 12. Therefore, if [(P) > 2, (1) follows and we have a
contradiction. Thus, P = uv. Moreover, if Ny_y(py(u) # 0 and Ny_y(py(v) # 0, then
(1) again holds, a contradiction. Therefore, we may assume Ny _y(p)(v) = (), which
implies degy(v) = 1. Now let w € V(H) — V(P). Then since wv ¢ E(G), we have
degy(w) <5 and hence degy(v) + degy(w) < 6. Thus, (2) follows, a contradiction.
Suppose (d) occurs. Let V(H) — V(P) = {vg,v1,...,v5}, where vy is an isolated
vertex in H — V(P) and {vy,...,v5} induces K5. By Lemma 7 (2), degy(vo) < 3 and
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degy(u) <7, and hence deg(vg) +degy(u) < 10. Since (1) does not hold, vy and u are
not joined by a path of length at least two. This implies Np(vg) = {u}. However, in this
case vgv ¢ E(G) and degy(v) < 6. Therefore, (1) follows for v and v, a contradiction.

Finally, suppose (b) occurs. By Lemma 7 (1), degy (w1) + deg(w2) <243 x2 =8.
If Np(wy) # 0 and Np(ws) # 0, then (1) holds, a contradiction. Hence, we may assume
Np(wg) = 0. This implies degy (w1) + degp(w2) < 24 3 = 5, and hence (2) follows.

This is a contradiction, and the claim follows. Il

Suppose (1) of Claim 2 occurs. Let X; = Nye(wi), X2 = Nyc(wi)®, X3 =
Nye(wz)™ and Xy = Nje(wz)™7. By Lemma 2, X1 N Xy = X1 N X3 = X3N Xy = 0.
Assume Xo N Xy # 0. Let a € Xo N X4 and let P; be a wyws-path of length at least
two. Let C be the member of C with a € V(C}). Let C' = wlﬁlww“‘c_}'la_wl and C' =
(C—{C1})U{C"}. Then ' is a set of k disjoint cycles with n(C") > n(C) since [(P) > 2.
This is a contradiction, and hence XoNX, = (). Similarly, we have X;NX,; = XoNX3 = (.
Let degy (w1) + degpy(w2) = t. Since |Xi| = | Xa| = deg|j¢(w1) = degg(w1) — degy (w1)
and |X3| = |X4| = degy(wz) — degp(we). Then

U Z|X|>2< nt2 )zg(nJrz)—zt.

i=1
This implies n + 3|H| < 6t — 8. We may assume degy(wi) < degpy(wsz). Then
degy(ws) > ¢, and |H| > degy(ws) + 1> 2t + 1 and 6t —8 > n+ 3|H| > n+ 3t + 3.
Therefore, n < %t — 11. Since ¢ < 12, n < 43. This contradicts the assumption.

Next, suppose (1) of Claim 2 does not hold and |H| > 3. Then H has a path @ of
length two. Let u; and ug be the endvertices of Q. Since (1) of Claim 2 does not hold,
deg(u1) + degy(ug) > 13. This implies that |H| > max{degy(u1),degy(u2)} +1 > 8.

By Claim 2, G has a pair of distinct vertices wy and wo with degy (wy)+degy (ws) <

n—|H| > Jc| >

w

6. By symmetry, we may assume degy(w;) < degy(ws2), which implies degp(w;) <
Let P, be a wiwp-path in H, and let X; = Njc(wi), Xo = NUC(wl)Jr and X3 =
Nyye(wz)™. Then since [(F%) > 1, and by Lemma 2, X;, Xy and X3 are pairwise

disjoint. Therefore,

| X1| +[X3] = degyjc(w1) + deg|jc(w2)

= degg(w1) — degp (w1) + degg(we) — degy(wo)

Z2‘71—1-2_6:271514

and | X| = degj¢(w1) > B2 3 =T we have n—[H| > |UC| > |X1|+|Xo| +|X3] >
n — 7, which implies |H| < 7. This is a contradiction.

Finally, assume |H| = 2. Let V(H) = {wi,wz} and let Z; = Nye(wi), Z2 =
Nyc(wi)t and Z3 = Nyje(wz) . Then Z;, Z and Z3 are pairwise disjoint. Since

11



|H| =2, INye(w;)| = degg(w;) —1> $(n—1) (i = 1, 2), which implies |Z;| > ¥(n—1)
(1 <j <3). Then

n—2>n—H|>[|JC| > |Zi|+|Z| +|Zs| > n—1.
This is a final contradiction, and the theorem follows. O

In Theorem 1, we assume that the graph in consideration is 2-connected. This
assumption is necessary for K = 1. Let m > 22 and G = K,, + K; + K,;. Then
|G| =2m +1 > 44 and §(G) = m > 1(|G| + 2). However, G has no dominating cycle.

However, this assumption is not necessary for k > 2.

Theorem 9 Let k > 2 and let G be a graph of order n > 44 and minimum degree
at least %(n + 2). Then for every maximum set of k disjoint cycles C, |JC is an edge-

dominating set of G.

Proof.  Assume, to the contrary, that JC is not an edge-dominating set for some
maximum set of k disjoint cycles, and let H be a nontrivial component of G — |JC.
Note that in the proof of Theorem 1, we use the 2-connectedness only to guarantee the
existence of a pair of independent edges between H and |JC. Therefore, we have only
to prove the existence of such edges without using 2-connectedness. Assume no pair
of independent edges exists between H and |JC. Let P be a longest path in H, and
let w and v be the endvertices of P. Since |H| > 2, |P| > 2 and hence u # v. Since
there does not exist a pair of independent edges between H and |JC, deg|jc(u) <1 or
degjc(v) < 1. By symmetry we may assume deg|j¢(u) < 1. Then degy(u) > T(n—1).
Since Ny (u) C V(P), H has a cycle of order at least §(n — 1) +1 = £(n+2). Then
by the maximality of C, |C| > %(n + 2) for each C' € C. Since k > 2, this implies
n(C) > 2(n+2), and hence n > n(C) + |H| > 2(n+2) + 3(n+2) =n+2. Thisis a

contradiction. O

4 Concluding Remarks

In Theorems 1 and 9, we assume that the order of a graph G is at least 44. But this
constant comes from the proof and we believe that it is just a technical condition.

Nash-Williams’ Theorem was later extended by Bondy [1]. For a graph G and
k < a(G), define o (G) by

0,(G) = min {Z degq(z): S is an independent set of order k in G} .

SES

For k > a(G), 0k (G) is defined as o1 (G) = +o0.

12



Theorem F (Bondy [1]) Let G be a 2-connected graph of order n satisfying o3(G) >

n + 2. Then every longest cycle in G is a dominating cycle.

We believe that Theorem 1 admits the same extension. From these observations, we

believe the following holds.

Conjecture 10 Let G be a 2-connected graph of order n and let k be a positive integer.

If 03(G) > n + 2, then for every maximum set of k disjoint cycles, |JC is an edge-

dominating set of G.
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