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Abstract

It was proved by Mader that, for every integer [, every k-connected graph of sufficiently
large order contains a vertex set X of order precisely I such that G — X is (k — 2)-connected.
This is no longer true if we require X to be connected, even for [ = 3.

Motivated by this fact, we are trying to find an ”obstruction” for k-connected graphs
without such a connected subgraph. It turns out that the obstruction is an essentially 3-
connected subgraph W such that G — W is still highly connected. More precisely, our main
result says the following.

For k > 7 and every k-connected graph G, either there exists a connected subgraph W
of order 4 in G such that G — W is (k — 2)-connected, or else G contains an ”essentially”
3-connected subgraph W, i.e., a subdivision of a 3-connected graph, such that G — W is still
highly connected, actually, (k — 6)-connected.

This result can be compared to Mader’s result [6] which says that every k-connected graph
G of sufficiently large order (k > 4) has a connected subgraph H of order exactly four such
that G — H is (k — 3)-connected.
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1 Introduction

The following type of problems is well-studied by many researchers, see [3, 5, 8].

Problem. Given positive integers k,[,d with k > d, is it true that every k-connected graph of

sufficiently large order has a vertex set X of order exactly [ such that G — X is (k — d)-connected
?

In connection to the above question, (k,l)-critical graphs, which we will define later, are
studied by many researchers. A k-connected graph G is said to be (k,[)-critical if for any vertex
set W of order [ with k > I, G — W is (k — l)-connected. The main question concerning (k,[)-
critical graphs is whether or not there are only finitely many (k,)-critical graphs, see the survey
by Mader [8].

A best possible result for the above problem would be that we can find a vertex set W of
prescribed order such that G — W is (k — 1)-connected, but this is not true as Mader has pointed
out in [7]. On the other hand, Mader has proved (in the same paper) that every k-connected
graph G of sufficiently large order contains a vertex set S of prescribed order such that G — S
is (k — 2)-connected. A natural question which arose from the above result is, ”could it be true
if we require S to be connected ?”. Unfortunately, this is no longer true. In [7], Mader has
pointed out that for every k > 18, there are infinitely many k-connected graphs such that for any
connected subgraph W of order exactly 3, G — W is not (k — 2)-connected. So we cannot even
hope for the case k = 3. Let us observe that Mader [2] has proved that there are only finitely
many (k,3)-critical graphs.

On the other hand, Mader [6] has proved that every k-connected graph G of sufficiently large
order has a connected subgraph H of order exactly four such that G — H is (k — 3)-connected.
Again the connectivity is best possible.

Our motivation comes from the above result. More precisely, we are lead to the following
question: When can a k-connected graph G have a connected subgraph W of order exactly four
such that G — W is (k — 2)-connected ? Which graphs would be obstructions ? It turns out that
the obstructions are nearly 3-connected, i.e., a subdivision of a 3-connected graph. In addition,
these obstructions are, in a sense, non-separating subgraphs. More precisely, for any obstruction
W, G —W is (k — 6)-connected. To state our main result, we need some definition and notation,
but before that, let us give one more motivation.

Thomassen [10] conjectured that every (a + b + 1)-connected graph can be decomposed into
two parts A and B in such a way that A is a-connected and B is b-connected. It was shown by
Thomassen himself [10] that if b < 2, then the conjecture is true. Even the case b = 3 is not settled
yet, and the conjecture is wide open for a,b > 3. We would like to prove this conjecture when
b = 3, but we failed. However since our obstructions are essentially 3-connected, and otherwise, we
could delete a connected subgraph of order 4 in such a way that the connectivity of the resulting
graph does not decrease more than 2, so our result may be the first step for the conjecture when
b=3.

At this moment, we should mention the 3-connected case. It was conjectured in [9] that for
every positive integer k, every 3-connected graph G of sufficiently large order has a connected
subgraph W of order precisely k such that G — W is 2-connected. This conjecture is verified for
k=2 in [11], for k = 3 in [9] and for k£ = 4 in [1]. The cases k > 5 are open. So as we see here,
when a given graph G is 3-connected, a stronger conclusion may be true.



We need some definition and notation to state our main result.

Let C4 be a quadrilateral, i.e., a cycle of length 4. Let C5 be a pentagon, i.e., a cycle of
length 5. Also let Wy be a graph which is isomorphic to K; + C4 and let W5 be a graph which
is isomorphic to Ky + C5, where A + B means the graph obtained from the disjoint union of
the graphs A and B by adding the edges between them. A subdivision of K4 of order 5 can be
regarded as a graph which can be obtained from W, by the deletion of one edge, which is adjacent
to the central vertex of Wj. So, in the following argument, we call this graph “W, ”. Similarly, we
define “W; 7, which is a graph obtained from Wj5 by the deletion of one edge, which is adjacent
to the central vertex of W5 (W, can be also regarded as a subdivision of Wy).

Our main theorems is the following.

Theorem 1. Let k be an integer with k > 7. Suppose that G is k-connected. Then G contains a
subgraph M which satisfies one of the following:

(i) M=K,
(ii) M =Wy
(iii) M = W .
(iv) M is a connected graph such that G — M is (k — 2)-connected and |M| = 4.

As we pointed out, the graph M described in (i)-(iii) in the above theorem is, in a sense,
non-separating subgraphs since it is small. Furthermore, since Wy~ consists of 6 vertices and is a
subdivision of a 3-connected graph, we get the following corollary.

Corollary 1. Let k be an integer with k > 7. Suppose that G is k-connected. Then G contain a
subgraph M which satisfies one of the following:

(i) M is a subdivision of a 3-connected graph such that G — M is (k — 6)-connected.
(ii) M is a connected graph such that G — M is (k — 2)-connected and |M| = 4.

All graphs considered in this paper are finite, undirected, and without loops or multiple edges.
For a graph G, V(G), E(G) and 6(G) denote the set of vertices and the set of edges and the
minimum degree of G, respectively. For a given graph G and v € V(G), we write Ng(z) for the
neighbourhood of V(G) and dg(x) = |Ng(z)|. For a subset S of V(G), the subgraph induced
by S is denoted by (S). With a slight abuse of notation, for a subgraph H of G and a vertex
v € V(G), Nuy(v) = Ng(v) NV (H) and di(v) = |[Ng(v)|. Also, for an edge e = zy € E(G), let
V(e) = {z,y}. In addition, for a subgraph H of G and a subset S of V(G), Ng(S) = U,cg Na(v),
and when SNV (H) =0, Ny (S) = U,cs Nu(v). Alsolet E(A, B) be the number of edges between
vertex sets A and B for AN B = () where A and B are vertex subsets or subgraphs in G. In
this paper, when there is no fear of confusion, a vertex subset X and the subgraph (X) are often
identified.

For an edge e € E(G), let G/e be the graph obtained from G by contracting e (and replacing
each of the resulting pairs of double edges by a single edge). Let k£ > 2 be an integer. An edge e
of a k-connected graph is said to be k-contractible if G/e is still k-connected. Let k-cutset be a
cutset consisting of k vertices.



2 Basic definitions for the proof of Theorem 1

Let k be an integer with & > 7. By contradiction, suppose G is a counterexample in Theorem 1. In
G, from the assumption that G is a counterexample in Theorem 1, note that for every connected
subgraph M of order 4, there exists a (k 4+ 1)-cutset which contains M. Also, we can assume that
G has no subgraphs isomorphic to one of the graphs described in (i)-(iii) in Theorem 1.

In the following argument, we define some special subsets and subgraphs for our sake of the
proof of Theorem 1.

Let D'={ e € E(G) | eis not contained in any triangle in G } and let E' = { e € E(G) | e
is k-contractible and e € D’ }.
Also, let FF={veV(GQ)| Ew,V(G-v)ND =0 }.
We define some special subgraphs in G as follows:

e For a quadrilateral C' = vyvavsvavy, if {v1ve,v3v4} C E' or {vivg,vov3} C E’, then we say
that C is a good Cjy.

e For an induced subgraph Z = P, i.e., a path of length 3, if every edge of Z is in E’, then
we say that Z is a good Pj.

e For an induced subgraph Z = K, if every triangle in Z is not contained in any k-cutset in
G, we say that Z is a good K .

e For an induced subgraph Z = K; + (K; U K»), say, V(Z) = {a,b,¢,d} and E(Z) =
{ab,be, cd, db}, if Z satisfies the following properties (i) and (ii), then we say that Z is
a good Ky + (K7 U K»):

(i) ab € E".
(ii) The triangle ({b,c,d}) is not contained in any k-cutset in G.

e For a triangle T, if |V(T) N F’| > 2 and T is not contained in any K, and moreover, T is
not contained in any k-cutset, then we say that 1" is a good triangle.

In the following argument, those good subgraphs which are defined above are often called good
elements.
Let L={S C G| S is aminimum cutset in G and every component
of G — S has at least three vertices }.

We define a family F of subgraphs in G as follows:

F:={Z C G| Zis agood element and S € L holds
for every (k + 1)-cutset S which contains Z }.

To the end, we need several sets as follows:

Ji ={SCG|Sisa k-cutset in G such that S contains an edge in D’ };



Ji=JiNL;

Jy={ S C G| S isa k-cutset which contains a triangle };

Jy={S CG|Sisa (k+1)-cutset such that S contains a good element};
J3 ={ S € J;| S contains a good element Z such that Z € F }.

Put K = Uj<;<3J;. Notice that for each S € J3, S is not contained in any k-cutset because
every good element contains a k-contractible edge. Later, it is shown that K # () in G (see
Lemma 4.7).

We conclude this section by proving the following lemma, which is not hard to see.

Lemma 2.1. Let S be a cutset with |S| < k+1 in G. If S contains a subgraph Z which satisfies
one of the followings, then S € L.

(i) Z is a triangle and S € Js.
(i1) Z is a good K .
(iii) Z is a good triangle.

(v) Z is a good Cy and |E(Z) N D'| = 3 and for the only edge e € E(Z) — D', E(V(e), V(G —
Z)NnD' =10.

(v) Z is a good Cy and E(Z) C D' and there exists a vertex v € V(Z) such that E(v,V (G —
Z)NnD =0.

Proof. Suppose not. Then there exists a component H of G — S such that |H| < 2. We can
easily find Ky or W, or W in (V(H) U V(S)), or, we get a contradiction to the definition of
good elements. The argument is somewhat tedious but it is easy to check. So, here we prove the
case where Z satisfies (v) only, and we omit the proofs in other cases (i)-(iv) and leave them to
readers.

Let Z,v be as in (v). Since every edge in E(Z) is not contained in any triangle, it is easy to see
that |H| = 2. Put V(H) = {p,q}. Since G does not contain W, nor Ky, and G is k-connected,
it follows that |E(p,V(Z))| = |E(q,V(2))| = 2, (V(H)UV(G - Z)) = Ky + (k — 3)K; and
E(V(Z),V(S—2Z)) =10. Also, since Z is a good C4, this implies that every vertex in V(Z) is
adjacent to V(H). Hence we may assume that vp € E(G). Then, by the above observation, it
is easy to see that vp is not contained in any triangle. However, this contradicts the assumption
that E(v, V(G- Z))Nn D" =.

3 Overview of our main proof

Our proof is to play a game on K, and reach a contradiction. To play this game, we need to show
that K is not empty. This will be proved in Lemma 8. But this is not quite enough. We need to



show that all the elements we can play in K have to be in F. It follows from Lemma 2.1 that if Z
is a subgraph in G such that Z is a good K or a good triangle, then Z € F. However, if Z is one
of the other good elements, we can not assure Z € F. In this case, we need to find a new good
element which belongs to F, close to Z. In order to do that, we must extensively investigate the
structure between a cutset which contain a good element, and the components separated by the
cutset. The details will be discussed in the next section. This section is most tricky, and technical
(even lengthly). But we do not see a significant shortcut for our purpose, unfortunately.

After Section 4, we begin to play our main game. The idea is that we choose one of the
elements @ in K such that a component H in G — @ has smallest cardinality. In order to win,
we need to show that |H| is not small. Furthermore, we need to show that each edge in H has a
nice property. This will be done in Section 5. Finally, in Section 6, we give our main proof. If Q
is in Ji U Ja, then the situation is much simpler. It seems that our main challenge in the proof
is to deal with the situation that J; U Jy is empty, and there are many elements in J3 in H. In
fact, to define J3 in H is one of our challenge. Once we can do that, we are trying to investigate
a property of J3 in H to complete our proof.

4 Preparation for the proof of Theorem 1

As we shall see in the later sections, it is important to show the existence of a cutset S such
that every component of G — S has at least three vertices. Using a connected subgraph of order
at least three in the component of G — S, we can show that the size of the component is large.
This will be proved in the next section (see Lemma 5.3). In order to show this, first we need to
consider the case where there exists a small component in G — S. Actually, we need to deal with
the case that the component has exactly two vertices. In this section, we prove several lemmas
concerning the structure on such small components. These lemmas will enable us to find a cutset
in K whose existence is desired in the later argument of the proof. At the end of this section, we
show that K # (). This will be the first significant step for the proof of this theorem.

Lemma 4.1. Let S be a cutset with |S| < k+1 in G. Suppose that either S € J|—L or S € J;—

holds, and let H be a component of G — S such that |H| < 2. Moreover, if S € J| — L, then, let
e be an edge in D' — E" in S, and let X = V(S) —V(e), and if S € J; — L, then, let R be a good
element in S, and let X =V (S) — V(R). Then |H| =2 holds and the following statements hold:

(i) If S € Jy—L, then (V(e)UV(H)) 2 Cy,E(V(e),V(H)) C D', (V(H)UX) = Ko+ (k—2)K;
and E(V(e),X) =0 (and hence it follows that |E(y, V(G —y)) N D'| > 2 for each y € V(e)
and |E(z,V(G — z)) N D’| =1 holds for each z € V(H)).

(i) If S € J5 — L and R is a good Cy, then (V(H) U V(R)) is isomorphic to a 3-reqular 3-
connected graph of order 6, and (V(H)U X) = Ky + (k — 3)K; and E(V(R),X) = 0.
Moreover, if |E(R) N D'| > 3, then (V(H)UV(R)) does not contain a triangle.

)

(tit) If S € J5 — L and R is a good Ki + (K; U K3) with V(R) = {a,b,c,d} and E(R) =
{ab,be, cd,bd}, then (V(H)U{c,d}) = Cy4, |E(a,V(H))| =2, (V(H)UX) = Ko+ (k—3) K1,
and E({a,c,d}, X) =0 (and hence it follows that (V(H)U ( )) is a 3-regular 3-connected
graph with two vertex-disjoint triangles, and E(V(H),V(G — H))ND' = E(V(H),{c,d}).



() If S € J; — L and R is a good Py, say, R = abed, then there exists a vertex u € V(H) such
that ({a,b,c,u}) = Cy and ({b,c,d} UV (H — u)) = Cy holds. Moreover, (V(H)U X) =
Ko+ (k—3)K1, E(V(R),X) =0 and E(V(H),V(G — H)) N D' = E(V(H),V(R)) hold.

Proof. 1t is easy to check that |H| = 2. We can easily find K4 or W or Wy~ in (V(H) UV (S5)),
or, we get a contradiction to the definition of good elements. We here prove (iv) only. As for
(i)-(iii), we omit the details of the proofs and leave them to readers. (Arguing similarly in the
proof of (iv), it is easy to check them.)

Put V(H) = {u,v}. Since every edge in R is not contained in any k-cutset, we see that
E(z,V(H)) # 0 for any z € V(R). Also, every edge in R is not contained in any triangle,
we see that |E(y,V(R))| < 2 holds for any y € V(H). Since G is k-connected, this forces
|E(y,V(R))| = 2 for any y € V(H), and thus (V(H) U X) = Ky + (k — 3)K;. This together
with the fact that E(z,V(H)) # 0 for any z € V(R) determines the structures ({a,b,c,u}) =
Cy and ({b,c,d} UV(H — u)) = C4, and hence E(V(R),X) = 0 holds because G does not
contain W, . In view of the above observation in (V(H) U V(R)) and (V(H) U X), we have
E(V(H),V(G-H))nD'=E(V(H),V(R)).

Lemma 4.2. InG, let S, R, H, X be subgraphs which satisfy the condition exactly as in Lemma 4.1(iii),
that is, set R the good Ki + (K; U Ks) with V(R) = {a,b,c,d} and E(R) = {ab,bc,cd,bd}.
Moreover, set (V(H) U {c,d}) = Cy, |E(a,V(H))| =2, (V(H)UX) = Ky + (k- 3)K;, and
E({a,c,d}, X) = 0. Suppose that (V(H) U {a,b}) is a good Ky + (K1 U Ks) which is not in F.

Let S" € J, — L such that S’ contains (V(H) U {a,b}), and let H' be a component of G — S’
with |[H'| < 2. Then H' = ({c,d}) holds and E({c,d},V(G) — {¢,d}) N D' = E({c,d},V(H)).
Moreover, E(V(H'),V(G — H'))ND"=E({c,d},V(H)) holds.

Proof. Applying Lemm 4.1(iii) to (V(H)U{a,b}) as R, the assertion immediately follows because
E(V(H),V(G - H))nD" = E(V(H),{c,d}).
|

Lemma 4.3. Let S € J{ — L and let H be a component of G — S such that |H| = 2. Let e be an
edge in S such that e € D' — E'. Then, for each edge ¢’ € E(V(H),V (e)), one of the followings
holds:

(i) ¢ € E'.

(i) There exists a cutset S" € Jy such that S’ contains €.
Proof. Suppose that (i) does not hold. Put e = aband X = V(S)—V(e). In view of Lemma 4.1(i),
it follows that (V(H)UV(e)) = Cy, (V(H)UX) = Ko + (k — 2)K;, and E(V(e),X) = 0. Take
¢ € E(V(H),V(e)). We may assume that ¢/ = va where v € V(H). By the assumption that

¢’ ¢ E', there exists a cutset S’ € J{ which contains e/. By the above observation, note that
|E(v, V(G —v)ND'| =1. In view of Lemma 4.1(i), this forces S’ € J;. Thus (ii) holds.

Lemma 4.4. Lete € D' — F’, and let S be a cutset in J| — L such that S contains e. Then one
of the followings holds:



(i) There exists a subgraph Z in G such that e € E(Z) and Z is a good Cy. Moreover, Z € F
holds.

(i) There exists a k-cutset S’ € Jy such that S" NV (e) # 0.

Proof. Suppose that (ii) does not holds. Since S € J{ — L, there exists a component H in G — S
such that |[H| < 2. By Lemma 4.1, |H| = 2. Put V(H) = {a,b},V(e) = {c,d} and X =
V(S)—V(e). Again, in view of Lemma 4.1(i), we may assume that bc,da € D', ({a,b,c,d}) = Cy
and (V(H)UX) 2 Ko+ (k—2)K; and E(V(e),X) = (. In view of Lemma 4.3, bc, da € E’ holds
because the assumption (ii) is not assumed to hold. Hence ({a,b,c,d}) is a good C4. Note that
E({a,b},V(G)—{a,b,c,d}) N D" = because (V(H)UX) = Ky + (k —2)K;. This together with
cd,be, da € D' shows that ({a,b,c,d}) is a good C4 which satisfies the property in Lemma 2.1(iv).
Hence (i) holds as Z = ({a,b, ¢, d}).

Lemma 4.5. Let S be a cutset in Ji— L such that S contains a good Py, and let H be a component
of G—S with |H| =2. Put V(H) = {u,v}. Set R = abcd the good Py in S. Suppose that u is a
vertex which satisfies the condition in Lemma 4.1(iv), and thus ua,uc € E(G). Then one of the
followings holds:

(i) ({a,b,c,u}) is a good Cy and ({a,b,c,u}) € F.
(ii) There exists a cutset S € Jy such that S contains uc.

Proof. Suppose that (ii) does not hold. First we show that ({a,b,c,u}) is a good Cy. To show this,
we may assume that uc ¢ E' because ab € E’. In view of Lemma 4.1(iv), E(u, V(G))NE’" C {ua}
and uc € D'—FE'. By the assumption that (ii) does not hold, there exists a cutset S* € J; — L which
contains uc and there exists a component H* of G — S* with |H*| < 2. In view of Lemma 4.1(i),
we see that a € V(H*) because E(u, V(G —u)) N D" = {ua,uc}. However, then this would imply
|E(a,V(G —a)N D’'| > 2, and hence this contradicts Lemma 4.1(i). Thus we have uc € E' and
hence ({a,b,c,u}) is a good Cy. Note that ({a,b,c,u}) satisfies the condition Lemma 2.1(v) as
Z = ({a,b,c,u}) and v = u. Hence ({a,b,c,u}) € F, and thus (i) holds.

Lemma 4.6. Let S € J; — L and let H be a component of G — S such that |H| = 2. Set R the
good K1+ (K1 U Ks) in S with V(R) = {a,b,c,d} and E(R) = {ab,bc,cd,bd}. Then one of the
following holds:

(i) There exists a cutset S € Jy such that S contains an edge e € E(c, V(H)).
(i) There exists a good element R' with {a,b,c} C V(R') such that R’ is a good Cy and R' € F.
(By the symmetry of the roles of ¢ and d, the above statements also hold if we replace ¢ by d. )

Proof. Suppose that (i) does not hold. Put V(H) = {u,v} and X = V(S — R). In view
of Lemma 4.1(iii), we have E({a,c,d},X) = () and we may assume that E(V(H),V(R)) =
{ua,ud,va,ve} and (V(H) U X) = Koy + (k — 3)K;. Observe that E(v, V(G —v)) N D" = {vc}.
Since we assumed that (i) does not holds, this together with Lemma 4.1(i) implies ve € E’. Then
({a,b,c,v}) is a good Cy. Let R’ = ({a,b, c,v}).



We claim that R' € F. Suppose not. Then there exists a cutset S’ € J; — L such that
S’ O R’ and there exists a component H' with |H’| < 2. In view of Lemma 4.1(ii), it follows that
|H'| =2,(V(H)UV(S'—R)) 2 Ko+ (k—3)K; and (V(H')UV(R’)) is a 3-regular 3-connected
graph. Put V(H') = {u/,v'}. Again, let us observe E(v, V(G —v)) N D" = {vc}. Then we can
assume that E(V(H'),V(R')) = {u'v,ua,v'b,v'c}. Observe that u is an only vertex which is
adjacent to both a and u. This means that ' = u. Note that H’ is contained in many triangles,
which implies v' # d because E(u, V(G — u)) N D" = {ud}. Since Ng(u) = {a,d,v} U X, this
forces v' € X. However, since E(c, X) = (), this is a contradiction. Thus R’ € F holds as claimed.
Hence (ii) holds.

We now prove our main result in this section, which says that K # () in G.

Lemma 4.7. K # 0 in G.

Proof. For a contradiction, assume K = (). Suppose that G contains a triangle which is contained
in a k-cutset. Then Jy # () holds, and thus K # () holds. Hence we may assume that no triangles
in G are contained in any k-cutset. If there exists a K, , then it is a good K, because no
triangles in K are contained in any k-cutset. This means J3 # (), and hence K # (. Hence we
may assume that there is no K, in G. Assume for a while that there exists a triangle T". If T is
a good triangle, then it follows that J3 # ), and hence K # (). So we may assume that T is not a
good triangle. Then there exists an edge e such that e € D’ and [V (e)NV(T)| = 1. Suppose that
e ¢ E'. We may assume that there exists a k-cutset S with S ¢ J; such that S contains e. Then
in view of Lemma 4.4, J3 # () or J; # () holds (according as (i) or (ii) in Lemma 4.4). Hence we
may assume that e € E’. Then (V(e) UV (T)) is a good K + (K1 U K3). We may assume that
(V(e) UV(T)) ¢ F. Then, in view of Lemmas 4.1 and 4.6, J; # () or J3 # 0 holds (according as
(i) or (ii) in Lemma 4.6).

Thus we may assume that there is no triangle in G. Take an edge e € E(G). If e ¢ E’, then
in view of Lemma 4.4, J3 # () or J; # 0 holds (according as (i) or (ii) in Lemma 4.4). Thus we
may assume that E(G) C E’. Take a path P of order 4. Then P is a good Py. If P € F, then
J3 # () holds and hence K # (). So we may assume that P ¢ F. Then in view of Lemma 4.5, we
see that J3 # 0 or J; # () holds (according as (i) or (ii) in Lemma 4.5). Thus K # () holds.

Let @ € K, and let H be a component of G — (. Throughout the rest of the proof, we assume
that

Q@ and H are chosen so that |H| is minimum.

5 Key lemmas

We now get our main proof started. In this section, we investigate the properties on E(H). Also,
we show that |H| is large, which means that every component formed by any cutset in K has
many vertices. These results will be essential tools for the main part of the proof in the next
section.



Lemma 5.1. Suppose e = pq is an edge in E' N E(H) with E(p,V(H —q)) = 0. If E(p,V (G —
p)) N D" ={e}, then one of the followings holds:

(i) There exist a cutset S with S € Jy U Jy such that V(S)NV(H) # 0.
(ii) There exists a good element R such that V(e) C R and R € F.

Proof. By contradiction, suppose that neither (i) nor (ii) holds. Since G is k-connected, note that
|E(p,V(Q))| > k — 1 because E(p,V(H — q)) = (). Then there exist two vertices r,s € @ such
that ({p,r, s}) = K3 because E(p,V(G))N D' = {e} and E(p, V(H —q)) = (). By the assumption
that (i) does not hold, it follows that ({p,r, s}) is not contained in any k-cutset. In particular,
this implies that ({p,q,r, s}) is a good K;+ (K7 UK3). By the assumption that (ii) does not hold,
there exist a cutset Q' € J; — L which contains ({p, ¢, r, s}) and a component H' of G — Q' with
|H'| <2. By Lemma 4.1, |H'| = 2 and put V(H') = {u,v}. Again in view of Lemma 4.1(iii), we
may assume that E({u,v},{p,q,r,s}) = {ug,vq, ur,vs} and ({u,v, z}) = K3 holds for any vertex
z € Q@ —{p,q,r,s}. By the assumption that (i) does not hold, it follows that ({g,u,v}) is not
contained in any k-cutset. Hence ({p,q,u,v}) is a good K; + (K7 U K3). If {u,v} NV (H) # 0,
then applying Lemma 4.6 to ({p,q,u,v}) as a = p,b = ¢,{c,d} = {u,v}, we obtain either (i)
or (ii), a contradiction. Thus we have {u,v} C Q. By the assumption that (ii) does not hold,
we have ({p,q,u,v}) ¢ F. Hence there exist a cutset Q* € J; — L which contains ({p, q,u,v})
and a component H* of G — Q* with |H*| < 2. Then, applying Lemma 4.2 to ({p,q,r,s}) as
a=q,b=p,{c,d} ={r,s},H = H', we see that |H*| =2 and V(H*) = {r, s} and moreover,

(V(H*)U{z}) = K3 holds for any vertex z € Q* — {p, q, u,v}. (1)
Since |E(p,V(Q))| > k — 1 and pu,pv ¢ E(G), we see that Q) € J3 and
every vertex in @ — {u,v} is adjacent to p. (2)

By (1) and (2), we see that E({r, s}, V(Q) — {u,v,r,s}) = 0 because G does not contain K4. By
the assumption that (ii) does not hold, applying Lemma 4.6 to ({p,q,r,s}) as V(H) = {u,v}, we
have ur ¢ E’. Hence we see that ({r,s,u,v}) does not contain any good element. Since Q) € J3,
it follows that @ — {r,s,u,v} contains a good element. Since every vertex in Q — {r,s,u,v} is
adjacent to p, it follows from the definitions of good elements that @ — {r, s, u, v} can not contain
any good element. This is a contradiction.

We prove the following key lemma, which will be further improved in the later argument.

Lemma 5.2. Suppose e = 'l is an edge in E(H). Then one of the followings holds:
(i) There exist a cutset S with S € Jy U Jy such that V(S) NV (e) # 0.
(ii) There exists a good element R such that V(e) C R and R € F.

Proof. If there exists a triangle T such that V(e) NV(T') # ) and T is contained in a k-cutset S,
then S € Jo and (i) holds. Hence we may assume that for every triangle T" in G,

if V(e)NV(T) # 0, then T is not contained in any k-cutset. (3)
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We divide the proof into two cases.
Case 1: e is contained in a triangle T'.

If there exists a subgraph R such that R = K, and R contains e, then by (3), R is a good
K, and R € F holds by Lemma 2.1(i). Then (ii) holds. So we may assume that

T is not contained in any K, in G. (4)

If T is a good triangle, then, in view of Lemma 2.1, (ii) holds. Hence we may assume that 7" is
not a good triangle. Put T' = a’l/c*a’. By the definition of a good triangle, we may assume that
there exists a vertex d' € V(G — T — ¢*) such that b'd’ € D'. Suppose that ¥’d’ € D' — E’. Then,
in view of Lemma 4.3, putting e = b'd’, we get (i), or E(b/, V(G —¥V))NE’ # (). So we may assume
that b'd’ € E'. Note that ({da’,V',c*,d'}) is a good K + (K1 U Ky). If ({a',V/,c*,d'}) € F, then
(ii) holds as R = ({d/,V/,c¢*,d'}). So we may assume that there exists a (k + 1)-cutset S* such
that S* contains ({a’,V’,¢*,d'}) and there exists a component H* of G — S* with |H*| < 2. By
Lemma 4.1, |H*| = 2. Applying Lemma 4.6 to R as a = d',b =V ,c = d’,d = ¢*, we obtain one
of the followings:

(a) There exists a cutset S € J; such that S contains an edge e* with o’ € V(e*).

(b) There exists a good element R with {d',b',a’} C V(R') such that R’ is a good Cy and
R e F.

If (a) holds, then (i) holds, and if (b) holds, then (ii) holds. This completes the proof of Case 1.
Case 2: e is not contained in any triangle.

If e € D' — F’, then in view of Lemma 4.4, (i) or (ii) holds.

Hence we may assume that e € E’. First suppose that there exists a triangle T' such that
V(T)NV(e) # 0 and |V(T)NV(H)| > 2. By the definition of E’, we see that |[V(T)NV(e)| = 1.
By symmetry, we may assume that &' € V(T') NV (e) and take ¢ € (V(T) —V(e)) N V(H). Put
R=(V(e)UV(T)). By (3), we see that R is a good K; + (K; U K2). Then applying Lemma 4.6
to Rasa=ad',b=1"V,c=¢ (and d is the rest of the vertex in T'), we obtain one of the followings:

(a) There exists a cutset S € J; such that S contains an edge e* with ¢ € V(e*).

(b) There exists a good element R’ with {a’,t’,¢'} C V(R’) such that R’ is a good Cy and
R e F.

If (a) holds, then (i) holds, and if (b) holds, then (ii) holds.
Thus we may assume that

for any edge ¢’ € E(V (e),V(H) —V(e)), ¢ € D'. (5)

Suppose that there exists an edge ¢/ € E(V(e), V(H) — V(e)) with ¢ ¢ E’. Then there exists a
k-cutset S which contains €’. If S € Ji, then (i) holds. So we may assume that S € J{ — L. In
view of Lemma 4.4, we may assume that there exists a subgraph Z such that ¢’ € E(Z), Z is a
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good Cy and Z € F (since otherwise (i) holds). If Z also contains e, then (ii) holds. Hence we
may assume that Z does not contain e. By the assumption that €’ ¢ E’, this implies that there
exists an edge ¢* € E' with e # €* such that V(e*) NV (e/) NV (e) # 0. We may assume that for
any vertex y € V(e),

if E(y,V(H)—V(e)) #0, then E(y,V(G) —V(e))NE" # 0. (6)

By (6), we may assume that E(b', V(G —b')) N E" # () because H is a connected component with
|H| > 3.

Assume for a while that E(a’, V(G)—V (e))NE’" = (. By (6), this implies E(a’,V(H)) = {a'b'}.
Suppose E(a',V(Q))N (D' —E') # 0. Take an edge e* € E(a/,V(Q))N (D' — E’). We may assume
that there exists a cutset S* € J] — L such that S* contains e* (since otherwise (i) holds). Then
applying Lemma 4.4 to e*, it follows that there exists a subgraph Z such that e* € F(Z) and Z is
a good Cy in F (since otherwise (i) holds). Since E(a’,V(G)—V (e))NE’ = (), this forces e € E(Z),
which means that (ii) holds. Hence we may assume that F(da’,V(G) — V(e)) N D’ = (). Note that
this together with E(a’, V(H)) = {a'b'} satisfies the assumption of Lemma 5.1 as p = ’. Hence
by Lemma 5.1, we have either (i) or (ii).

Thus we may assume that E(a’,V(G)—V(e))NE’ # (). This together with E(b', V(G —-V"))N
E' # () shows that there exists a path P of order 4 such that P = ua’b'v and P is a good P,. If
P € F, then (ii) holds. Thus we may assume that there exists a cutset S in J{ — L such that S
contains P. Then, applying Lemmas 4.1(iv) and 4.5 as b = da/,¢ = b/, we have either (i) or (ii).
This completes the proof.

Now we prove that |H| is large. Since @ € K, recall that H has at least three vertices.
Lemma 5.3. |H| >k — 1.

Proof. Suppose that H contains a subgraph Z with V(Z) = {a,b,c,d}, E(Z) = {ab, ac, ad, be, bd},
that is, H contains K . Since G does not contain K4 nor W, , cd ¢ E(G) and Ng(c) N Ng(d) =
{a,b}. Since G is k-connected, it follows that |H U Q| > |Ng(c) U Ng(d)| + 2 = |Ng(c)| +
|ING(d)| — |Ng(¢) N Ng(d)| + 2 > 2k. Hence |H| > 2k — |Q| > 2k — (k+ 1) = k — 1. Thus, in
the following argument, we may assume that H does not contain K, . Suppose that H contains
a subgraph Z with V(Z) = {a,b,c,d}, E(Z) = {ab,bc,cd,da}, that is, H contains Cy. Note
that ac,bd ¢ E(G) because we have assumed that H does not contain K, . Since G does not
contain W, , |E(v,V(Z))| < 2 for any v € V(G — Z). Since |Q| < k + 1, this implies that
E(V(2),V(H - 2))] = |E(V(2),V(G— 2))| - |E(V(2),V(Q)| 2 4(k—2) ~ 2(k+1) = 2k — 10,
Since |E(v,V (Z))| < 2 for any v € V(H — Z), this means |H — Z| > k—5, and hence |H| > k— 1.
Thus we may assume that H does not contain C4. Suppose that H contains a triangle T' = abca.

We claim that E(V(T),V(H —T)) # 0. Since G does not contain Ky, note that for any vertex
v e V(Q), |[E(v,V(T))| < 2. Hence it is easy to check that E(V(T),V(H —T)) # 0 if k = 7,8.
So, suppose that k& > 9. Then, it follows that |[E(V(T),V(H —T))| = |[E(V(T),V(G —-T))| —
|[E(V(T),V(Q))| > 3(k—2)—2(k+1) > k—8 > 0. Thus E(V(T),V(H—T)) # () holds as claimed.
We may assume that there exists a vertex d € V(H —T') such that da € F(G). By the assumption
that H does not contain K, , note that ({a,b,c,d}) = Ky + (K; U K3). Note that each vertex in
V(@®) has at most two neighbors in T'. If there are two vertices in V(@) that have at least three
neighbors in the graph ({a, b, ¢, d}), then clearly we can find either W, or W . Therefore, arguing
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similarly as above, we see that |E({a,b,c,d},V(H)—{a,b,c,d})| > 4k—8—2(k+1)—1=2k—11.
Since H does not contain C4 nor K , note that at most one vertex in H — {a, b, c,d} has at least
two neighbors in the graph {a, b, ¢, d} and each of other vertices in H — {a, b, ¢, d} has at most one
neighbor in the graph {a, b, ¢, d}. Hence it follows from |E({a,b,c,d},V (H)—{a,b,c,d})| > 2k—11
that |V(H) — {a,b,c,d}| > 2k — 10 and hence |H| > 2k — 6 > k — 1. Thus we may assume that
H does not contain K3 nor Cy.

Suppose that H contains a subgraph Z which is isomorphic to Cs. Put Z = vjvougvavsv1.
By the assumption that H does not contain K3 nor Cy, note that (V(Z)) = C5. Since G does
not contain Wy, note that |E(v,V(Z))| < 3 for any v € V(G — Z). Hence it follows that
[E(V(2),V(H - 2))| = [E(V(2),V(G=2))| - |E(V(2),V(Q)| = 5(k = 2) = 3(k+ 1) = 2k — 13.
This implies that |H| > 2k — 13+ 5 > k — 1 because H does not contain K3 nor Cy. Hence
we may assume that H does not contain a cycle of order less than 6. Suppose that H contains
a subgraph Z which is isomorphic to Py. Put Z = abed. Since H does not contain a cycle of
order less than 6, note that (V(Z)) = Py and Ng(a) N Ng(d) N V(H) = 0. Since G does not
contain W, , it is easy to check that |[{v € V(G — Z)||E(v,V(Z))| > 3}| < 2 and the equality
holds only if there is no vertex v € V(G — Z) such that |E(v,V(Z))| = 4. This implies that
|IE(V(Q),V(2))| <2(k+1)+2 = 2k+4. Consequently, |E(V(Z),V(H—-Z2))| = |E(V(Z),V (G-
IN)|—|E(V(Z),V(Q))| > 4k—6—(2k+4) = 2k—10. This implies |H| > 2k—10+4 = 2k—6 > k—1.
Thus we may assume that

H does not contain a cycle of order less than 6 nor P;. (7)

Hence this together with |H| > 3 means that H is isomorphic to a star K;; where ¢ is some
integer with ¢t > 2. Put V(H) = {a,b1,... ,b:} and E(H) = {ab;| 1 <i <t}. By (7),

\E(bi, V(Q))| = |[E(b;, V(G — b)) — {bia}| >k —1for 1 <i<t. (8)

Since |Q| < k+ 1, it follows that [Ng(b1) N Ng(b2) NV (Q)| > k—3 > 2. Since G does not contain
W, , this implies E(a, Ng(b1) "N (b2) NV (Q)) = 0. This means that |E(a, V(Q)) < 4. Hence we
have |E(a,V(H))| > |E(a,V (G —a))| = |E(a,V(Q))| > k—4 > 3. Hence t > 3. Take b3 € V(H).
Put B = {b1,ba,... ,b} and M ={v € V(Q)| |E(v, B)| < 1}. We claim that |M| < 2. By (8), it
follows that t|Q — M| > |[E(V(Q) — M, B)| > t(k — 1) — |E(M, B)| > t(k — 1) — | M|, and hence
|Q—M| > k—1—|M]|/t. Consequently, |[M| < k+1—-|Q—M| < k+1—(k—1—|M|/t) = 24+|M|/t and
hence | M| < 2t/(t—1). If t > 4, the claim holds because |M]| is an integer. Suppose that t = 3 and
|M| = 3. Since G does not contain W, , arguing similarly as above, we see that E(a,Q — M) = (.
Then, [E(a,V(G —a))] < 3+ |E(a,M)| < 3+3 = 6. Since kK > 7, this is a contradiction.
Thus |M| < 2 holds. Then, arguing similarly as above, we see that |E(a,V(Q))| < |[M| < 2.
Consequently, |E(a,V(H))| >k — |E(a,V(Q))| > k — 2. This shows |H| > k — 1.

6 Main proof of Theorem 1

Using results obtained in the previous section, we can easily find a convenient cutset which will
lead us to a final contradiction in this argument.
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We start with the definition of such a good cutset. In view of Lemma 5.3, note that for any
cutset Q' € K, |H'| > k — 1 for any component H' of G — Q'. For a cutset Q' € K, if )/ satisfies
one of the followings, then we call Q" a good cutset.

(i) @ € J; and Q' contains an edge e € D' — E’ such that V(e)N HN Q' # 0.
(ii) @ € J; and Q' contains an triangle T such that V(T) N H N Q" # 0.
(iii) Q" € J3 and Q' contains a good element Z such that V(Z) N H N Q' # 0.

In fact, in the later argument, we will see that every good cutset belongs to J3, which means
that the above definitions (i) and (ii) will be meaningless (see after Lemma 6.4). However, at the
moment, we need to consider the possibility that @' satisfies (i) or (ii).

In the rest of the proof, if there exists a good cutset Q' € K, we use the following notation:

Let H' and W’ be components of G — Q' such that H # 0, W' # 0,H "W’ = () and
G-Q = (V(H')UV(W")). Let Hy, Hy and Hs denote H N H', HN Q' and H NW’, respectively.
Also, let Wy, Wy and W3 denote W N H', W N Q" and W N W', respectively. Let Q1,Q2 and Q3
denote Q N H',Q N Q" and Q N W, respectively.

In view of Lemma 5.3, note that |[H| > k—1,|H'| > k—1,|W| >k —1,|W'| > k—1. Also,
note that Hy # 0.

Lemma 6.1. Suppose that there exists a good cutset Q' € K. Then the following statements hold:

(1) If Hy # 0 and HoUQ1UQ32 is a cutset with |HoUQ1UQs| < k+1, then |[HoUQ1UQ2| = k+1
and Q' € Jy U Js.

(i) If H3 # 0 and HoUQ2UQs3 is a cutset with |HoUQoUQs| < k41, then |[HoUQoUQs| = k+1
and Q' € Jy U Js.

Proof. Otherwise, replacing @ by Ha U Q1 U Q2 or Hy U Q2 U Q3 (according as (i) or (ii)), we get
a contradiction to the minimality of |H|. Note that the good element Z in @’ is in Hy U Qs.

Lemma 6.2. Suppose that there exists a good cutset Q' € K. Then the following two statements
hold:

(1) If Hy # 0, then W5 # ().
(ii) If Hs # 0, then Wy # 0.

Proof. To prove (i), suppose that Hy # () and W3 = (). Then by the minimality of |H|, we see
that |Hy U Hy| < |Qs|. Since Hy # (), we have |Hs| < |Qs].

We claim that |[HoUQ1UQ2| > k+1. Suppose that |HoUQ1UQ2| = k. Then by Lemma 6.1(i),
H>UQ1UQ2 is a good cutset. This contradicts the minimality of |H|. Hence |HoUQ1UQ2| > k+1,
as claimed. Consequently, |Ha|+ (k+1) — |Q3] > |Ha| +|Q — Q3| > k+ 1, and hence |Ha| > |Q3].
This is a contradiction. Thus (i) was proved. We can similarly prove (ii).

Lemma 6.3. Suppose that there exists a good cutset Q' € K. Then Q,Q" € J3 holds. Further,
for any good element C in Q, either CNH' =0 or CNW' =0 holds.
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Proof. First we shall prove ) € Js. By contradiction, assume for a while that Q) € J; U Jo. We
claim that Hy = Hs = (). Suppose that H; # (). Then by the minimality of |H]|, it follows from
Lemma 6.1 that |[Ho UQ1 UQ2| > k+1or |[HaUQy UQ2| > k+ 2 according as Q' € J; U J, or
Q' € J3. This implies |Q2 U Q3 U Ws| < k — 1. Hence W3 = (), which contradicts Lemma 6.2(i).
Thus we have H; = (). We can similarly obtain Hs = () from Lemma 6.2(ii). Thus Hy = Hs = (),
as claimed. Suppose that Q' € J; U Jo. Now we have H; = Hs = () and |Hy| = |H| > k — 1.
Suppose that Wy # (. Since |[Wa U Q2| < 2, we have |Q1| > k — 2 and hence |@3] < 3. This
implies W3 = (). Then |W'| = |Q3] < 3 < k — 1. This is a contradiction. Thus W7 = ). Arguing
similarly, we have W3 = (). Since either |H| = |Hs| < k/2 or |W| = |W3| < k/2 holds, this is a
contradiction. Hence we may assume @’ € J3. Then note that H; = H3 = () and hence it follows
that |Ha| = |H| > k—1. Since |Q1] < k/2 or |Q3] < k/2, this together with [Q2 U W3] < 2 implies
that Wy = () or W3 = (). By symmetry, we may assume Wi = ). Then by the minimality of |H],
we have |Q1] > k — 1, and hence |Q2 U Q3| < 1. Then |Q2 U Q3 U Wa| < 3, which means W3 = {).
Then by the minimality of |H|, |@3] > k — 1 > 1. This is a contradiction. Hence @ € J3 holds.

We shall now prove Q' € J3. Suppose that Q' € J; U Js. Since @ contains a good element, by
the symmetry of the roles of H' and W’, we may assume that Q1 U Q2 is not contained in any
k-cutset.

First suppose that Hy # (). Since Q1 U Q3 is not contained in any k-cutset, we have |Ho U Q1 U
Q2| > k + 1. Suppose that |[Ho U Q1 U Q2| =k + 1. If Q1 U Q2 contains a good element, then we
get a contradiction to the minimality of |H|. Hence it follows that C' N Q3 # (). Note that then
Q2 U Q3 is not contained in any k-cutset. Since now |Q2 U Q3 U Wa| < k, this implies W3 = (),
which contradicts Lemma 6.2(i). Thus we have |[HoUQ1UQ2| > k+2. Hence |Q2UQ3UWs| < k.
This implies W3 = ), which contradicts Lemma 6.2(i). Thus we have H; = (). Next suppose that
Hs # (). By Lemma 6.2(ii), we may assume that W7 # ). Since 1 U Q2 is not contained in any
k-cutset, |Q1UQ2UWs| > k+1. This forces |HoUQ2UQs| = k, which contradicts Lemma 6.1(ii).

Thus we have Hy = Hsz = (). Then |Hz| > k — 1, and note that |Q2 U W5| < 2. Suppose
that W7 # (). Since Q1 U Q2 is not contained in any k-cutset, we have [Wa U Q1 U Q2| > k + 1.
This implies that |Q1] > k — 1, and hence |Q2 U Q3 U Wa| < 2. This forces W3 = ). Then by
the minimality of |H|, we have |Q3| > k — 1. Then |Q| > |Q1| + |@3]| > k, a contradiction. Thus
we have Wi = (). Consequently Q1| = |H'| > k — 1. This together with H; = H3 = () shows
|Q2 U Q3 UWs| < 4. This forces W3 = (). Then by the minimality of |H|, we have |Hy| > k — 1
and |[Wa| > k — 1. Since @' is a k-cutset, this is a contradiction. Hence @' € J3 holds.

Finally we shall prove that for any good element C in @, either H NC =0 or W' NC = )
holds. Suppose that H' N C # () and W’ N C # (. Note that by the definition of good elements,
@1 U @2 is not contained in any k-cutset and also @2 U ()3 is not contained in any k-cutset.
Now we show H; = Hs = (). Suppose that H; # (). Then, in view of Lemma 6.1(ii), note
that |Q1 U Q2 U Ha| > k + 1 and the equality holds only if @ € J; U Jo. This implies that
|Q2UQ3UWs| < k. Since Q2UQ3 is not contained in any k-cutset, this forces W3 = (). However, this
contradicts Lemma 6.2(i). Thus H; = (), and we can similarly obtain H3 = (). Then by Lemma 5.3,
we have |Hy| = |H| > k—1. Since either |Q1] < (k+1)/2 or |Q3] < (k+1)/2 holds, By symmetry,
we may assume that [Q1| < (k+1)/2. This forces W; = @) because |Q1UQoUWs| < 2+(k+1)/2 < k.
Then by the minimality of |H|, we have |Q1] > k — 1. This is a contradiction. Thus we have
HnNC=0or W NC =40.
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Now we are in a position to obtain the following lemma which plays an important role in the
rest of the proof.

Lemma 6.4. Let e € E(H). Then there ezists a good element C € F such that C contains e
(and hence there exists a good cutset Q' € Js which contains C').

Proof. The assertion immediately follows from Lemmas 5.2 and 6.3.
i

In the rest of the proof, by Lemmas 6.3 and 6.4, we may assume that () € Js and for any
edge e € E(H), e is contained in a good element C. € F and there exists a cutset Q). € J3 which
contains C,. In the rest of the proof, when the choice of e is not important in the argument and
there is no fear of confusion, @/, is written as @’ briefly. (This means that in the following lemmas,
the assumption that “Suppose that there exists a good cutset Q' € K.” is often omitted.) Also,
let C € F be a good element in (). Then by Lemma 6.3, C' is contained in either Q1 U Q)2 or
Q2 U Q3. Without loss of generality, we may assume that C' is contained in @)1 U Q2. We prove
the following lemmas.

Lemma 6.5. H3 =0 and Hy # (.

Proof. First assume Hs # (). By the minimality of H, we have |Ho U Q2 U Q3| > k + 2. Then
|Q1UQ2UWs| < k. Since now Q1 U Q2 U W, contains a k-contractible edge, this implies W7 = ().
However, this contradicts Lemma 6.2(ii). Thus Hs = @ holds. Next assume that H; = (). Since
now Hs = (), |Hy| > k—1. Then either |Q1UQ2UW3| < k or |Q2UQ3UW3| < k holds, which means
either Wi = () or W3 = () holds. If W; = (), then by the minimality of |H|, |Qi| > k — 1, which
implies W3 = (). Similarly, if W3 = (), then we can obtain W; = (). Consequently, W; = W3 = ()
holds. Then |W| = |W3| < k — 1. This contradicts the minimality of |H|.

Lemma 6.6. ’Ql U Q2 UHQ‘ =k+2 and ‘WQ U Q2 UQg’ =k.

Proof. By Lemma 6.5, we have Hy # () and H3 = (). Then by Lemma 6.2(i), W3 # (). Hence by
the minimality of |H|, |Q1 UQ2U Hs| > k+ 2. By the connectivity of G, |[Wo U Q2 U Q3| > k. But
2%k +2=371|Qi| + [Wa| + |Qal + |Ha| = |Q1 UQa U Hy| + W2 U Qa U Q3], hence the equalities
hold.

Since |Q1 U Q2 U Q3| = k + 1, by Lemma 6.6, we have |Ha| = |Q3| + 1. Also, since |Ha| > 2, we
have |@Q3] > 1. Next, we prove the following lemmas.

Lemma 6.7. |N(U)NH| > |U| +1 for all nonempty subsets U of QQ — C.

Proof. Suppose there exists a nonempty subset U of @ — C with |N(U) N H| < |U|. In this case,
Ul <1Q-C|<k-2<k—1<|H|. So, H— N(U) # 0. Then, (Q — U)U (N(U) N H) is
(k + 1)-cutset containing C' and separating H — N(U) from W U U. Since C' € F, note that
(Q—-U)U(N(U)NH) € Js. Then, since |H — N(U)| < |H|, this contradicts the minimality of
|H.
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By Lemma 6.7, since N(Q3) N H C Hy and |Ha| = |Q3| + 1, we have N(Q3) N H = Hy. By
Lemmas 6.3- 6.7, we can obtain the following fact:

For each edge e¢; € E(H) with 1 < i < |E(H)|, e; is contained in a good element C,, such
that C,, € F, and moreover, there exists (k + 1)-cutset @’ in J3 such that Q° contains C,,. Let
H®, W' be components in G — Q such that H® # ), W' # () and G — Q" = (V(H") NV (W?)). Let
Hi, Hi and HS denote HN H', HN Q" and HNW?, respectively. Also, let W}, W4 and W4 denote
WNH,WNQ and WNW? respectively. Let Q, Q% and Q% denote QN H*, QN Q" and QNW?,
respectively. We may assume C' € Q4 U Qb. Then Hi = (), |H}| = |Q4] + 1 and N(Q%) N H = Hi.

We prove the following lemma.

Lemma 6.8. For cach j with 2 < j < |E(H)|, if (N(Q}) N H) N (JZ N(Q%) N H) # 0, then
Uiz N(Q3) N H| < [Uji-, Qs + 1.

Proof. We prove by induction on j. Suppose j = 2. Since N(Q)NH = H} and N(Q%)NH = H3,
we may assume that H} N H3 # (. If Q1 N Q% = 0, then |(N(Q}) UN(Q3) NH| < |H U H3| <
[Hy| + [H3| = |Hy 0 H3| < |Q3] + 1+ 1Q3]| +1 -1 =[QU Q3| + 1. I Q3N Q5 # 0, then by
Lemma 6.7, we have [N(Q3NQ3%) N H| > |QiN Q3 + 1, and hence |(N(Q3) UN(Q3%) N H| <
[Hy| + [H3| = (1Q3 N Q3| + 1) = Q3] + 1+ Q3] +1 - (IQ3 N Q3| + 1) = [Q3 U Q3] + 1. Thus the
result follows. ‘ ‘

Assume j > 3. If Q} C Uf;ll Q4, the result follows by the induction hypothesis. Assume
Q) ¢ UZ Qi and let R = @ nUZ; Q) and S = (N(Q}) N H) n (UZ N(Q}) N H). Then
|S| > |R| + 1 by the assumption of the lemma or by Lemma 6.7 according as R = () or R # (.
Hence we have |UL_, N(Q%) N H| < |UZ) Q3+ 1+ Q) +1— Rl - 1= UL, Q3] + 1.

Since H is connected, there exists an edge ej41 joining from ngl N(Q4y)NH to H— ngl N(QY)
when H — [J/_; N(Q%) # 0. Also, e;41 is contained in some good element Ce;y and C¢,, is
contained in some (k + 1)-cutset @’*! € J3. Hence we have U‘Zi(lH)l N(QY) N H = H and by
repeated applications of Lemma 6.8, we have |H| < | Uii(lH)‘ Q4 +1<|Q—C|+1<k—2. Since

|H| > k — 1, this is a contradiction. This completes the proof of Theorem 1.
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