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Abstract

A graph G is said to be claw-free if G does not contain an induced subgraph
isomorphic to K 3. Let k be an integer with & > 2. We prove that if G is a claw-free
graph of order at least 7Tk — 6 and with minimum degree at least 3, then G contains
k vertex-disjoint copies of K1 + (K1 U K3).

Keywords: claw-free, minimum degree, vertex-disjoint.

1 Introduction

In this paper, we consider only finite, simple, undirected graphs with no loops and no
multiple edges. For a graph G, we denote by V(G), E(G) and §(G) the vertex set, the
edge set and the minimum degree of G, respectively. For a vertex z of a graph G, the
neighborhood of z in G is denoted by Ng(x), and let dg(x) := |Ng(x)|. For a noncomplete
graph G, let 03(G) :=min{dg(x) + de(y)| xy ¢ E(G)}; if G is a complete graph, let
09(G) := oc.

For a subset S of V(G), the subgraph in G induced by S is denoted by (S). For a
subgraph H of G, G— H = (V(G)—V (H)) and for a vertex z of G, G—x = (V(G) —{z}).
For disjoint subsets S and T of V(G), we let E(S,T) denote the set of edges of G joining
a vertex in S and a vertex in 7. When S or T consists of a single vertex, say S = {z}
or T'= {y}, we write E(z,T) or E(S,y) for E(S,T). A graph G is said to be Kj ,-free if
G does not contain an induced subgraph isomorphic to K ,. In particular, a graph G is
said to be claw-free when G is K 3-free. Let K, be a complete graph of order n. Also,
let F' be the graph obtained from K, by removing two edges which have an endvertex in
common; thus F' = K; + (K; U K3).

In this paper, we are concerned with degree conditions for the existence of vertex-
disjoint subgraphs and forbidden subgraphs. It is proved in Sumner[4] that a connected
claw-free graph of order 2k contains a perfect matching, i.e., k vertex-disjoint copies of
K. As for the existence of k vertex-disjoint copies of K3 in claw-free graphs, Wang|[5]
proved the following theorem.

Theorem A.([5]) Let k be an integer with k > 2. If G is a claw-free graph of order at
least 6k — 5 with 0(G) > 3, then G contains k vertex-disjoint copies of Ks.

It would be an interesting thesis for us to consider the relationship between degree con-
ditions for the existence of other vertex-disjoint subgraphs and other forbidden subgraphs.
Now we propose the following conjecture:



Conjecture. Let k,r,t be integers with k > 2 ,r >3 and t > 2.If G is a K ,-free graph
of order at least (k — 1){t(r — 1) + 1} + 1 with 6(G) > t, then G contains k vertex-disjoint
copies of K.

If the conjecture is true, the bound on |V (G)] is best possible. To see this, let B; = K;
for each 1 < ¢ < r — 1, and consider G = Uf;llAi where A; = K; + U;;%Bj for each
1 <i<k—1. Then G is a K ,-free graph of order (k — 1){t(r — 1) + 1} with §(G) > t.
It is easy to check that G' does not contain k vertex-disjoint copies of K ;.

Recently, in [2], the author proved that the conjecture is true for ¢t = 2. Our purpose of
this paper is to prove the following theorem which gives a partial result for this conjecture.

Main Theorem. Let k be an integer with k > 2. If G is a claw-free graph of order at
least Tk — 6 with 6(G) > 3, then G contains k vertez-disjoint copies of F.

As an immediate corollary of the main theorem, we see that the conjecture is true for
t = r = 3 because F' contains K 3.

There are two known results concerning the existence of k vertex-disjoint copies of F
in general graphs. In the rest of this section, we list these results as a reference for readers.
Kawarabayashi[3] proved the following theorem.

Theorem B.([3])Let k be an integer with k > 2, and let G be a graph with |V (G)| > 4k
and o2(G) > |V(G)| + k. Then G contains k vertez-disjoint copies of F.

As a related result concerning Theorem B, the author[1] proved the following theorem.

Theorem C.([1])Let k be an integer with k > 2. Let G be a graph with |V (G)| > 4k and
02(G) > |V(G)|/2 + 2k — 1, and suppose that G contains k vertex-disjoint triangles. In
the case where |V (G)| = 4k + 2, suppose further that G 2 Ky3 U Kyg—ge—1 for any t with
0<t<k—1. Then G contains k vertez-disjoint copies of F.

2 Preparation for the proof of the Main Theorem

Let k,G be as in the Main Theorem. By Theorem A, G has k vertex-disjoint triangles.
Let kl, kQ, kg be integers with kl +l€2+l€3 = k. Let Sl, e 7Sk17T17 e ,Tkg, Ul, ey UkB be
k vertex-disjoint subgraphs of GG such that for each ¢ with 1 < ¢ < ky, either \S; contains
K+ (K2UK5) as a spanning subgraph (i.e., |V(S;)| = 5), or S; = K; 4 (K, UK3), for each
i with 1 <1 < ko, T; contains F' as a spanning subgraph (i.e., |V (T;)| = 4), and for each
i with 1 <i < kg, Uy 2 Ky. Let S := (UM, V(S)), T := (U2, V(Ty), U := (U2, V(U5))
and H :=G—S5—T—U. We choose Si,...,Sk,T1,... Tk, Ui,... Uy, so that

(a) k1 + ko is maximum, and subject to the condition (a),

(b) k1 is maximum, and subject to the condition (b),

(¢) {i |1 <i<ky,S; DK+ (K2UK>)}| is maximum, and subject to the condition (c),
(d) |E(H)| is maximum.

If k3 = 0, then k + ko = k, which means that the desired conclusion holds. Hence we may
assume that k3 > 1. Let Q := {v € V(H) | E(v,V(T)) = 0} and put ¢ = |Q|. Now we
prove basic lemmas.



Lemma 2.1. The following statements hold:
(i) E(V(S5),V(U))=0.
(i) B(V(H),V(U)) =0.

Proof. Suppose that there exist S;,U; with 1 < 7 < ki, 1 < j < k3 such that
E(V(S;),V(U;)) # 0. Suppose that S; = K; + (K3 U K3). Let a be a vertex in S,
such that dg,(a) = 4 and S; —a D K; U K3. Suppose that there exists x € V(S; — a)
such that E(z,V(U;)) # 0. Then we can find two vertex-disjoint subgraphs A, Ay in
(V(S;) UV (Uj)) such that A; contains F' as a spanning subgraph for ¢ = 1,2. Then by
replacing S;, U; by Ai, As, we get a contradiction to the maximality of k; + k. Thus we
have E(V(S; — a),V(U;)) = 0. Hence we may assume that E(a, V(U;)) # 0. Let z be a
vertex in U; such that az € E(G), and take x,y € V(S; — a) so that zy ¢ E(G). Then
({a,z,y,z}) = K 3, which contradicts the assumption that G is claw-free. Hence we may
assume that S; contains K; + (K3 U K5) as a spanning subgraph. Again, let a be a vertex
in S; such that dg,(a) = 4 and S; —a D Ky U K». Suppose that there exists z € V(S; —a)
such that E(x,V(U;)) # 0. Then by replacing S;,U; by S; — z, (V(U;) U {z}), respec-
tively, we get a contradiction to the maximality of ki + ko. Thus we may assume that
E(WV(S; —a), V(U )) = 0 and E(a,V(U;)) # 0. Since dg,(a) = 4 and G is claw-free, this
implies that S; —a = Ky. Then by replacing S;, U; by S; — a, (V(U;) U {a}), respectively,
we get a contradiction to the maximality of k; + kg Thus (1) holds. Suppose that there
exists U; with 1 < j < k3 such that E(V(H),V(U;)) # 0. Let v be a vertex in H such
that E(v, V(U;)) # 0. Then by replacing U; by (V(U;) U {v}), we get a contradiction to
the maximality of ky + k2. Thus (ii) holds. O

We see from Lemma 2.1 that ks > 1 because §(G) > 3 and k3 > 1.

Lemma 2.2. Let 1 < i < ki, and suppose that S; O Ki + (K U Ky). Let V(S;) =
{a,b,c,d, e}, and suppose that be,de € E(G) and ds,(a) = 4. Let v be a vertex in H such
that E(v V(S;)) # 0. Then there exists x € V(S;) such that xv € E(G) and S; —x D F.

Proof. Suppose that E(v,{b,c,d,e}) # (0. Take x € {b,c,d,e} such that zv € E(G).
Then obviously S; — x D F because be, de € E(G) and dg,(a) = 4. Thus we may assume
that av € F(G) and E(v,{b,c,d,e}) = 0. Since G is claw-free, this forces ({b,c,d,e}) =
Ky4. Then av € E(G) and S; —a D F. O

Lemma 2.3. Let 1 < i < ki, and suppose that S; = Ky + (K1 U K3). Let V(S;) =

{a,b,c,d, e}, and let dg,(a) = 4,ds,(b) = 3,ds,(c) = 3,ds,(d) = 3 and ds,(e) = 1. Then
the following statements hold:

(i) E(a,V(H))=10.

(ii) For everyv € V(H), |E(v,{b,c,d})| < 1.

(iii) Let v be a vertex in H such that E(v,V(S;)) # 0. Then there exists x € V(S;) such
that v € E(G) and S; —x D F.



Proof. Suppose that there exists x € V(H) such that axz € E(G). Suppose that
E(z,V(S; —a)) # 0. Then there exists a subgraph X in ({z} U V(S;)) such that X
contains K7 + (K2 U Ks) as a spanning subgraph. Then by replacing S; by X, we get a
contradiction to the maximality of [{i | 1 <1i < ky,5; D K1 + (K2 U Ks)}|. Thus we have
E(z,V(S; —a)) = 0. Then ({z,a,b,e}) = K3 because be ¢ E(G). This contradicts the
assumption that G is claw-free. Thus (i) holds. To prove (ii), suppose that there exists
v € V(H) such that |E(v, {b,c,d})| > 2. Then (V(S; —e) U{v}) contains K; + (K> U K>)
as a spanning subgraph. Hence by replacing S; by (V (S; —e)U{v}), we get a contradiction
to the maximality of [{i | 1 <1i < ky,5; D K1 + (K2 U K»)}|. Thus (ii) holds. Let v be a
vertex in H such that E(v, V(S;)) # 0. Then by (i), E(v,{b,c,d,e}) # 0. Since S;—x D F
for every x € {b, ¢, d, e}, the assertion of (iii) obviously holds. a

Lemma 2.4. For eachi with 1 < i<k, {ve V(H) | |E(w,V(S:))| > 2} <2.

Proof. By way of contradiction, we may assume that there exists S; with 1 < i < ky
such that [{v € V(H) | |E(v,V(S;))| > 2}| > 3. Take v1,v,v3 € V(H) such that
|E(v;, V(Si))| > 2 for each j with 1 < j < 3. First suppose that S; = K; + (K; U K3).
Let e be a vertex in S; such that dg,(e) = 1. In view of Lemma 2.3(i) and (ii), we see that
vje € E(Q) for each v; with 1 < j < 3. Since G is claw-free, ({v1,vq,v3,€e}) D F. Then
by replacing S;,U; by S; — e, ({v1,va,v3, €}), respectively, we get a contradiction to the
maximality of k1+ks. Next suppose that S; contains K +(K2UK>) as a spanning subgraph.
Let a be a vertex in S; such that dg,(a) =4 and S; —a D K> U K. Suppose that there
exists © € V(S; —a) such that |E(z, {vi, v2,v3})| > 2. By symmetry, we may assume that
xv1, xv2 € E(G). Take y € V(S;)—{a, z} such that yzr € E(G) and (V(S;) —{z,y}) = K.
Since G is claw-free, ({x,y,vi,vo}) D F. If E(vs, V(S;) —{x,y}) # 0, then by replacing S;
and Uy by (V(S;) —{z,y})U{vs}) and ({x,y, v1,v2}), respectively, we get a contradiction
to the maximality of ki + k2. Thus E(vs, V(S;) — {z,y}) = 0. Since |E(vs, V(S;))| > 2,
this implies that xvs € E(G). Note that ({x, vy, vs,v3}) D F because G is claw-free. Then
by replacing S; and Uy by ({z,v1,vs,v3}) and S; — z, respectively, we get a contradiction
to the maximality of k; + k9. Hence it follows that

|E(x, {v1,v9,u3})| < 1 for every x € V(S; — a). (A)

By (A) and by symmetry, we may assume that avy, ave € E(G). Let b, ¢, d, e be vertices in
S; — a such that be, de € E(G). Suppose that either |E(vs, {b,c})| = 2 or |E(vs, {d,e})| =
2. By symmetry, we may assume that |E(vs, {b,c})| = 2. By (A), this forces either
E({v1,v2},{b,c,d,e}) = {v1d,vae} or E({vi,va},{b,c,d,e}) = {vie,vad}. By symmetry,
we may assume E({vy, v}, {b,c,d,e}) = {vid,v2e}. Since ({a,ve,b, d}) 2 K; 3, this forces
bd € E(G). Then by replacing S; and Uy by ({vs, b, ¢,d}) and ({v1, vs, a, e}), respectively,
we get a contradiction to the maximality of k; + k. Thus we have

|E(vs,{b,c})| <1 and |E(vs,{d,e})| <1. (B)

Next suppose that |E(vs, {b, ¢, d,e})| = 2. By (B) and by symmetry, we may assume that
Ne(vs)N{b,c,d, e} = {b,d}. This together with (A) forces either E({vi, v}, {b,c,d,e}) =
{vic,v9e} or E({v1,v2},{b,c,d,e}) = {vie,vac}. By the symmetry of the roles of v; and
v9, we may assume that E({vi,v2},{b,c,d,e}) = {vic,v9e}. Since ({a,v1,b,d}) 2 K3,
this forces bd € E(G). Then by replacing S; and Uy by ({a,e,v1,v2}) and ({vs, b, ¢, d}),
respectively, we get a contradiction to the maximality of k1 + ko. Thus we have

|E(vs,{b,c,d,e})| =1 and avs € E(G). (C)
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We see from (A) and (C) that there exists z € {b, ¢, d, e} such that F(z, {v1,ve,v3}) =0
and for each y € {ba Cs d7 6} o {.1'}, E(ya {01702703}> 7é @ Since ’E(aa {01702703}” = 35
E(xz,{v1,v2,v3}) = 0 and G is claw-free, it follows that ({vq,ve,v3}) = Kj3. Take y €
{b,¢,d,e} — {z}. Then by replacing S; and Uy by ({v1,v2,v3,y}) and S; — y, we we get a
contradiction to the maximality of k1 + k. O

Lemma 2.5. Let u € Q). Then there exists i with 1 < i < ky such that |E(u, V(S;))| > 2.

Proof. Suppose that |E(u, V(S;))| < 1 for each i with 1 < ¢ < k. Let L={j |1 <
J < ki,E(u,V(S;)) # 0}. Then by Lemma 2.2 and Lemma 2.3(iii), F' C S; — Ng(u) for
each [ € L. Since §(G) > 3 and G is claw-free, (V(H) U (Ng(u) N (UieLV(S))) D F.
Hence we can take [L| + 1 vertex-disjoint subgraphs Si,... S|y, such that S; 5 F for
each 1 < i < |L|+1in (V(H) U (UerV(S)))). Then by replacing UjerS; and Uy by
Ui<j<|L+1 S;, we get a contradiction to the maximality of k; + ks. O

Lemma 2.6. Let i be an integer with 1 < 1 < ko, and let a, b, c,d be vertices in T; such
that dr,(a) < dg,(b) < dr,(c) < dr,(d). Then the following statements hold:

(i) E(d,V(H))=10.
(ii) For each x € {b,c}, |E(z,V(H))| < 1.
(iii) |E(a,V(H))| <2 and equality holds only if T; = F and ((Ng(a)NV (H))U{a}) = K.

Proof. Suppose that E(d,V(H)) # 0. Let v be a vertex in H such that vd € E(G).
If av € E(G), then by replacing T; by ({v} U V(T})), we get a contradiction to the
maximality of k; because ({v} U V(T;)) D K; + (K3 U K3). Thus av ¢ E(G). Since
({d,a,v,b}) 2 Ky3 and ({d,a,v,c}) 2 K3, it follows that [{ab,bv} N E(G)| > 1 and
{ac,cv} N E(G)| > 1. Then by replacing T; by ({v} U V(T;)), we get a contradiction
to the maximality of k; because ({v} U V(T})) D Ki + (K1 U K3) or Ky + (K2 U K»).
Thus (i) holds. Suppose that there exists © € {b,c} such that |E(x,V(H))| > 2. Let
u,v € Ng(z) NV (H). By (i), E(d,{u,v}) = 0. Since ({z,d,u,v}) 2 K3, ww € E(G).
Then by replacing T; by (V(T; —a) U {u,v}), we get a contradiction to the maximality of
k1 because (V(T; —a) U{u,v}) D K1 + (K2 U K>). Thus (ii) holds. To prove (iii), suppose
that there exist u,v € V(H) such that au,av € E(G). Since ({a,u,v,d}) 2 K3, we see
from (i) that uwv € E(G). If ab € E(G) or ac € E(G), say, ab € E(G), then by replacing
T; by ({u,v,a,b,d}), we get a contradiction to the maximality of k1. Thus 7; = F holds.
Also, if |E(a,V(H))| = 2, then ((Ng(a) NV (H)) U {a}) = K3. Since u and v are taken
arbitrarily, if |E(a, V(H))| > 3, then (V(H) U {a,d}) contains a subgraph T such that
T D Ky + (K1 UK3) and |V(T)| = 4. Then by replacing T; by T, we get a contradiction
to the maximality of k;. Thus (iii) holds. O

The following two lemmas are used in the case where k3 = 1 only. In view of Lemma 2.1,
note that if k3 = 1, then there exists ¢ with 1 < i < ky such that E(V(T;),V(Uy)) # 0
because §(G) > 3. Throughout the rest of the proof of the Main Theorem, we may assume
that E(V(T1),V(Uy) ) # 0 when k3 = 1.



Lemma 2.7. Suppose that ks = 1. Then there exists x € V(T1) such that E(x,V(Uy)) # 0
and E(y,V(Ty —z)) # 0 for everyy € {v € V(H) | E(v,V(T1)) # 0}.

Proof. Let a,b,c,d be vertices in 17 such that dp, (a) < dp,(b) < dp(c) < dp(d). If
E(d,V(Uy)) # 0, then the assertion follows from Lemma 2.6(i) as © = d. Thus we may
assume that E(d,V(U;)) = (. Take z € {a,b,c} such that E(z,V(U;)) # 0. Let z
be a vertex in U; such that zz € E(G). Suppose that there exists y € V(H) such that
zy € E(G). Then by Lemma 2.1 and Lemma 2.6(i), ({z,y, 2z, d}) = K; 3, which contradicts
the assumption that G is claw-free. Hence for every y € {v € V(H) | E(v, V(T1)) # 0},
xy ¢ E(G), which implies that E(y, V(Ti — x)) = E(y, V(T1)) # 0. O

Lemma 2.8. Suppose that ks = 1. Suppose that there existsv € V(H) such that E(v, V(11)
) £ (. Then one of the following holds:

(i) There exists S; with 1 < i < ky such that |E(v,V(5;))| > 2.
ii) There exists T; with 2 < j < ko such that E(v, V(T;)) # 0.
J J

Proof. Suppose not. Then for each S; with 1 < i < ky, [E(v,V(S;))] < 1 and
E(v,Us<j<,V(T;)) = 0. Take y € V(T3) such that vy € E(G). Let L = {j | 1 <
J < ki,E(v,V(Sj)) # 0}. Then by Lemma 2.2 and Lemma 2.3(iii), F' C S; — Ng(v) for
each [ € L. Since §(G) > 3 and G is claw-free, (V(H)U (Ng(v) N (UierV(S1)))U{y}) D F.
Hence we can take |L| + 1 vertex-disjoint subgraphs S, . .. ,S|’L|+1 such that S] contains
F' as a spanning subgraph for each 1 < ¢ < |L| 4+ 1 in (V(H) U (UieV(S)) U {y}). In
view of Lemma 2.7, we can take a subgraph U’ such that U’ contains F' as a spanning
subgraph in (V(Ty — y) U V(Uy)). Then by replacing UierS;, Ty and Uy by Ui<j<ir)115]
and U’, respectively, we get a contradiction to the maximality of ki + ks. O

3 Proof of the Main Theorem

We prove the following two claims.

Claim 1. g < 2k;.
Proof. The claim follows from Lemma 2.4 and Lemma 2.5. d

Claim 2. For each i with 1 <i < ky, |[{v € V(H) | E(v,V(T;)) # 0}| < 3.

Proof. Suppose that there exists T; with 1 < i < ky such that |[{v e V(H) | E(v, V(T;) #
0} > 4. Let vy, vq,v3,v4 be vertices in {v € V(H) | E(v,V(T;) # 0}. Let a,b,c,d be
vertices in T; such that dr,(a) < dr,(b) < dr,(c¢) < dr,(d). Then in view of Lemma 2.6, we
have T; = F, |E(a,V(H))| = 2, |E(b,V(H))| = 1, |E(¢, V(H))| = 1 and E(d,V(H)) =
(). Again by Lemma 2.6, we may assume that av, ave, v1ve, bus, cvy € E(G). Suppose
that E({vi, v}, V(H) — {v1,v2}) # 0. Then we can find two vertex-disjoint subgraphs
Ay, Ay such that A; contains F' as a spanning subgraph for ¢ = 1,2 in (V(7};) U V(H)).
Consequently, by replacing T; and U; by A; and A,, respectively, we get a contradiction
to the maximality of ki + ko. Hence we may assume that E({vy,ve}, V(H) —{v1,v2}) = 0.
Then by replacing T; by ({v1,ve, a, d}), we get a contradiction to the maximality of |E(H)|.
O



Now we devide the proof into two cases.

Case 1: k3 > 2

By Lemma 2.1(ii), Claim 1 and Claim2, we have
’V(G)‘ < bky + 4ko 4 3ks + q + 3ko < Tky + Tko + 3k3 = 7(k1 + ko + kg) —4ks < Tk — 8,
which contradicts the assumption that |V (G)| > Tk — 6.

Case 2: k3 =1
In this case, recall that ko > 1 and that we have assumed E(V(T1),V(Uy)) # 0.

Claim 3. ¢+ {v e V(H) | E(v,V(T)) # 0}| < 2k; + 3k2 — 3.

Proof. If {v € V(H) | E(v,V(T1)) # 0} = 0, then the claim immediately follows from
Claims 1 and 2. Thus we may assume that {v € V(H) | E(v,V(T1)) # 0} # 0. In view of
Lemma 2.8, we may assume that {v € V(H) | E(v,V(T1)) # 0} can be partitioned into
two sets A and B (i.e., ANB =0 and |A|+ |B|=|{v e V(H) | E(v,V(T1)) # 0}| ) such
that

(i) there exists S; with 1 < ¢ < k; such that |E(v, V(S;))| > 2 for each v € A, and
(i) there exists T; with 2 < j < ko such that E(v, V(T})) # 0 for each v € B.

Then by Claims 1 and 2, it follows that

¢+ {veV(H) | E(v,V(T)) # 0}|
< 2k — A + {8k = 1) = [B[} + [{v € V(H) | E(v, V(T1)) # 0}
< 2ky + 3k — 3.

Consequently by Claim 3,

’V(G)‘ < Bky + 4ky + 3ks + ’V(H)’
< 5ki + 4ky + 3ks + g + |{v € V(H) | E(v, V(T)) # 0}
< 5k +4]€2+3]€3+2]€1+3]€2 -3
:7(k1+k2+k3)—4k3—3§7k—7,

which contradicts the assumption that |V (G)| > Tk — 6.

This completes the proof of the Main Theorem. O
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