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Abstract
Let G be a 2-connected weighted graph such that the minimum weighted degree is at least d.
In [1], Bondy and Fan proved that either G contains a cycle of weight at least 2d or every heaviest
cycle in G is a hamiltonian cycle. If G is not hamiltonian, this theorem implies the existence of
a cycle of weight at least 2d, but in case of G is hamiltonian we cannot decide whether G has
a heavy cycle or not. In this paper, we prove that if G is triangle-free, then G has a cycle of

weight at least 2d even in case of G is hamiltonian.
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1 Introduction

We only consider undirected graphs which have no loops or multiple edges. Let V(G) and E(G)
denote the set of vertices and the set of edges of a graph G, respectively. A weighted graph is one in
which every edge e is assigned a nonnegative real number w(e), called the weight of e. For a subgraph

H of G, the weight of H is defined by

ecE(H)
For each vertex v € V(G), Ng(v) is the set, and dg(v) the number, of neighbors of v in G. We define
the weighted degree of v in G by

s = 3 wlw).

uENG(v)
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Let x and y be distinct vertices in G. We define

0 ifzy ¢ E(G)

[relv s =
=91 e E(G).

When no confusion occurs, we denote Ng(v), dg(v), d&(v) and eq(zy) by N(v), d(v), d*(v) and
e(zy), respectively.

A cycle which contains all the vertices of a graph is called a hamiltonian cycle. If a graph G has a
hamiltonian cycle, then we call G hamiltonian. A triangle-free graph is one which contains no cycle

of length 3. Moreover, we call a path P a longest heaviest path of G if
(i) w(P) is maximum, and
(ii) P is a longest path of G subject to (i).
In [1], Bondy and Fan proved the following theorem.

Theorem 1 (Bondy and Fan [1]). Let G be a 2-connected weighted graph and let d be a nonneg-

ative real number. If d*(v) > d for every vertex v in G, then
(a) G has a cycle of weight at least 2d, or
(b) every heaviest cycle in G is a hamiltonian cycle.

If we consider the weighted complete graph in which every edge has weight 1, we know that
conclusion (b) of Theorem 1 cannot be dropped. However, there are a lot of graphs in which both
(a) and (b) of Theorem 1 hold and we cannot obtain the existence of a heavy cycle by this theorem.
In this paper, we prove that if G is a triangle-free weighted graph, we can find a heavy cycle even if

G is hamiltonian. Our main result is the following.

Theorem 2. Let G be a 2-connected triangle-free weighted graph and let d be a nonnegative real

number. If d*(v) > d for every vertex v in G, then G has a cycle of weight at least 2d.

2 Proof of Theorem 2

In our proof of Theorem 2, the following lemma is essential.

Lemma 1. Let G be a weighted graph and let P be a longest heaviest path of G with endvertices x
and y. Assume that

d(z) +d(y) — e(zy) < |E(P)].
Then

o if vy ¢ E(G), then P has weight at least df(x) + d¢(y), and



o if vy € E(G), then the cycle xPyx has weight at least d(z) + d&(y).

Proof. Let P = ajas...a, be a longest heaviest path of G where a; = = and a, = y. Then we have

N(a1) CV(P) and N(ap) C V(P). Let

o Niv={a; | ai € Ng(a1), ai—1 ¢ Ng—a,(ap)},

o Ny ={a; | ai € Ng(a1), ai—1 € Ng—a,(ap)},

o N3 ={a; | ai € Ng_q,(ap), ai+1 ¢ Ng(a1)} and

o Ny={a; | ai € Ng_q,(ap), ait1 € Ng(a1)}.
Moreover, let

Ei={av|ve N}, By ={aiv|ve Ny}, E3={va, | ve N3} and Eqy = {va, | v € Ny}.
Now we define a mapping ¢; of Ule E; to E(P) such that

e for e = aja; € E1 U Es, p1(e) = a;—1a; and

e for e = a;a, € E3, p1(€) = a;ait1,

and let F; = {pi(e) | e € E;} for i = 1,2,3. Now it is easy to see that F; N F» = (. And by the
definition of E3, aj+1 ¢ N(a1) if a;a, € Es, hence Fy, Fy and F3 are disjoint.
It follows from the fact d(x) + d(y) — e(zy) < |E(P)| that
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i=1

|Ev| + | Ea| + | E3]

|N1| + [Na2| + | N3]
IN(a1)| + [N (ap) \ {a1}| — [Na]
|E(P)| — [ N4l

IN

[E(P)| = |Eal.

Thus |E(P)\Uf:1 F;| > |E4|. Let 2 be an injection of Ey4 to E(P)\Uf:1 F;andlet Fy = {pa(e) | e €
E,}. Note that Fy, Fy, F5 and Fy are disjoint.

Assume that aia; € E7 and Q1 = a;—1a;—2...010;Q;41...ap. Then, since w(Q1) < w(P),
w(ara;) < w(pi(ara;)). By the similar argument as above, we have w(e) < w(p1(e)) for all e €
E1UE;3. Suppose a; € Na. Then we have a;j_1a, € E4. Let C be a cycle ajaias . ..a;1apap—1 . ..0;
and e = @o(a;_1ap). Since e € E(C), Q2 = C — e is a path in G. Then it follows from the fact
w(Q2) < w(P) that w(ara;) +w(aj—1ap) < w(p1(aia;))+w(pz(a;_1ap)) for all a; € No. Therefore,
if a1a, ¢ E(G),

d“(ar) +d¥(ap) = Z w(av) + Z w(av) + Z w(vay) + Z w(vay)

vEN, vE Ny vEN3 vENy



= Y wE+ Y we)+ Y (wlaray) +wlaj1ap))

ecFq ecls ajENQ
AT SIVAT SRR e
ecFy ecFs ecFy ecFy
< w(P),

which implies the assertion. And in case of aia, € E(G),

Z w(av) + Z w(av) + Z w(vay) + Z w(vay) +w(aiap)

vEN, vENo vEN3 vENy

= Y wle)+ Y we)+ Y (wlaa) +wlaj-1ap)) +w(aray)

ecE; ecEs a; EN2

< S wE@)+ Y we)+ Y we)+ Y we) +wlaay)

e€F e€F3 e€ ks e€Fy
< w(P)+w(arap).

d*(a1) +d*(ap)

Hence the cycle a1 Payaq has weight at least d*(a1) + d"“(ap), which implies the assertion. O
Now we prove Theorem 2 by using Lemma 1 and the following lemma.

Lemma 2 (Bondy and Fan [2]). Let G be a 2-connected weighted graph and let P be a heaviest
path in G with endvertices x and y. Then there exists a cycle C in G such that w(C) > w(P) or
w(C) =z d*(z) +d"(y).

Proof of Theorem 2. Let P be a longest heaviest path in G, and let z, y be endvertices of P. Since
G is triangle-free and N(z), N(y) C V(P), |N(z)| < |V(P)|/2 and |N(y)| < |V(P)|/2. Moreover,
if zy ¢ E(G), IN(z)| < ([V(P)|—1)/2 and |N(y)| < (|[V(P)| — 1)/2. Hence, whether = and y are
adjacent or not, we have d(z) 4+ d(y) — e(zy) < |E(P)|. In case of zy € E(G), Lemma 1 implies the
existence of a cycle of weight at least d¥(z) + d*(y) > 2d, which is a required cycle. Thus we may
assume xy ¢ E(G), then Lemma 1 implies that w(P) > d¥(x) + d“(y) > 2d. Now it follows from
Lemma 2 that there exists a cycle C'in G such that w(C) > w(P) > 2d or w(C) > d*(x)+d" (y) > 2d,

which is a required cycle. a
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