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Abstract

Let K, denote the graph obtained from K4 by removing one
edge. Let k be an integer with £ > 2. Kawarabayashi conjectured
that if G is a graph of order n > 4k + 1 with 02(G) > n + k, then
G has k vertex-disjoint copies of K, . In this paper, we settle this
conjecture affirmatively.

1 Introduction

In this paper, we consider only finite, simple, undirected graphs with
no loops and no multiple edges. For a graph G, we denote by V(G) and
E(G) the vertex set and the edge set of G, respectively. For a vertex x of
a graph G, the neighborhood of z in G is denoted by Ng(z), and we let
dg(z) := |Ng(z)|. For a noncomplete graph G, let 02(G) :=min{dg(x) +
da(y)| zy ¢ E(G)}; if G is a complete graph, let 02(G) := co. Let K,
be the graph obtained from K, by removing one edge, and let S denote
the graph obtained from K4 by removing two edges which have a common
vertex.

The main purpose of this paper is to prove the following theorem, which
was conjectured by K. Kawarabayashi in [1] and [2].

Theorem 1 Let k be an integer with k > 2, and let G be a graph of
order n > 4k + 1 with 02(G) > n+ k. Then G contains k vertex-disjoint
copies of K .

In Theorem 1, the condition on o2(G) is best possible in the following
sense. Let k,n be integers with £k > 2 and n > 4k + 1 such that n — k is
odd, and let G = Kj_1+ (K# +K#). Then o2(G) =n+k—1, but
G contains at most k — 1 vertex-disjoint triangles, and hence G does not
contain k vertex-disjoint K, . Note also that the conclusion of Theorem 1
does not hold when n = 4k. To see this, let £k > 4 be an integer and let
l= [SICT’Z], and let G = (K1 UK;_1) + Kag—;. Then 02(G) =8k —1—2>
5k = |V(GQ)| + k, but G does not contain k vertex-disjoint K .




In the proof of Theorem 1, we make use of the following theorem.

Theorem 2([2]) Let k be an integer with k > 2, and let G be a graph
of order n > 4k with 02(G) > n+ k. Then G contains k vertex-disjoint
copies of S.

Our notation is standard except possibly for the following. Let G be a
graph. For a subset A of V(G), the subgraph induced by A is denoted by
(A). For a subgraph H of G, we let G — H = (V(G) — V(H)) and, for a
vertex z of G, we let G — 2 = (V(G) — {z}). For disjoint subsets A and B
of V(G), we let E(A, B) denote the set of edges of G joining a vertex in A
and a vertex in B. When A or B consists of a single vertex, say A = {x}
or B = {y}, we write E(z, B) or E(A,y) for E(A, B). For a subgraph H of
G and for a vertex z of G with « ¢ V(H), we let Ny (z) = Ng(z) NV (H);
thus [Ny (2)| = | E(z, V (H))].

2 Preparation for the proof of Theorem 1

Let G be a graph of order n > 4k + 1 with 02(G) > n + k. Since G has
k vertex-disjoint copies of .S by Theorem 2, we can choose k vertex-disjoint
induced subgraphs Sy, ... , Sk such that for each 1 < i < &/, S; contains K
as a spanning subgraph and, for each ¥’ +1 < i <k, S; 2 S(0 < k' < k).
Let H := (UF_,V(S;)). Fori = 1,...,k, write V(S;) = {a;,b;,ci,d;} so
that dg, (a;) > ds, (b;) > dg,(c;) > ds,(d;). Note that dg, (a;) = dg,(b;) =3
and dg, (¢;) = dg,(d;) > 2 for each 1 < i < k', and dg,(a;) = 3,ds; (b;) =
ds,(c;) = 2 and dg,(d;) = 1 for each k' +1 < i < k. If ¥’ = k, then the
desired conclusion holds. Thus we may assume that ¥’ < k — 1. We may
also assume that Si,...,S; are chosen so that
(a) k' is maximum; and,
(b) subject to (a), Zle |E(S;)| is maximum.

We start with easy lemmas.

Lemma 2.1.Let v € V(G — H).

(i) For each i with S; = K, |E(v,V(S;:))| < 3, and equality holds only if
|E(U) {ai’ bi})‘ =1

(ii) For each i with S; = S, |E(v,V(S:))| < 2, and equality holds only if
vd; € E(G)



Proof.

() If |E(v,V(S:))| > 3and a;,b; € Ng(v), then replacing S; by ({v, a;, b;, ¢; })
or ({v,a;,b;,d;}), we get a contradiction to the maximality of Zle |E(S;)|.
(ii) If |E(v,{ai, bi, ci})| > 2, then replacing S; by ({v,ai,bi,c;}), we get a
contradiction to the maximality of k’. O

For later reference, we restate the case ¢ = k of Lemma 2.1(ii) in the
following form (see the first paragraph of Section 3).

Lemma 2.2.Let v € V(G — H). Then precisely one of the following six
statements holds:

(1) Ns,(v) = {ar};

(2) Nsi(v) =0;

(3) Ns, (v) = {dk}

(4) Ns, (v) = {br} or Ns, (v) = {ck};

(5) Ng,(v) = {bk,di} or Ng, (v) = {ck,dr}; or

(6) Ns,(v) = {ax,dx}- =

Lemma 2.3.Let i be an integer with 1 <i < k—1. Let ', X be subgraphs
of (V(S;) UV (Sk) UV(G — H)) such that 8" = K3, X 2 K, or Ky, and
V(S")NV(X) = 0. Then for each x € (V(S;) UV(Sk) UV(G — H)) —
V(X)-V(S"), |[E(x,V(S) < 1.

Proof. Suppose not. Then ({z} UV(S")) D K, . Hence by replacing S;
and Sk by X and ({z}UV(S")), respectively, we get a contradiction to the
maximality of k’. O

Lemma 2.4.Let v € {dp} UV (G — H). Let 1 < i <k —1, and suppose
that S; =2 K and |E(v,V(S;))| > 2. Then we have |E(c;, {ak, bk, cx})| <
2 and |E(d;,{ag, bk, cr})| < 2. Further if Ng(v) N{a;,b;} # 0, then
|E({ci,d;i}, {ak, bk, e })| < 3.

Proof. If |E(c;, {ak, bk, cx})| = 3, then by replacing S; and Sk by ({v} U
V(S;—ci))) and ({¢;, ar, bi, ci }), respectively, we get a contradiction to the
maximality of Z?:l |E(S;)| because E(v,V(S;—c¢;)) # 0. Thus |E(c;, {ak, bk
,¢k})| < 2 and, by symmetry, we similarly obtain |E(d;, {a, bk, ck})| < 2.
Now assume that Ng(v) N {a;,b;} # 0. Then we have ({v} U V(S; —
¢i)) D Ky or {v}UV(S; —d;)) D K, . We may assume ({v} UV (S; —
d;)) D K;. Then by applying Lemma 2.3 with S’ = ({a, bk, cx}) and
X = {v}UV(S; —d;)), we obtain |E(c;, {ak, bk, cx})| < 1, which implies
|E({ci,di},{ak,bk,ck})| <3. O



3 Proof of Theorem 1

We continue with the notation of the preceding section. For convenience,
when (m) of Lemma 2.2 holds for a vertex v € V(G — H), we say that the
preference index of v is m, and write pr(v) = m. Define o =max{pr(v)| v €
V(G — H)}. We henceforth assume that we have chosen S1, ... , S so that
a is as large as possible subject to conditions (a) and (b) stated at the end
of the first paragraph of Section 2.

Lemma 3.1.Let v € {d} UV (G—H). Let 1 <1i < k—1, and suppose that
S =2 Ky.

(i) If |[E(v,V(S;))| > 3, then |[E(V(S:), {ak, bk, cr})| < 4.

(ii) If |[E(v,V(S;))| = 2, then we have |E(V(S;),{ak,bk,cx})| < 8 and
|E(V(S:), {bk, ck})| < 6.

(i) Ifv e V(G—H), |[E(v,V(S5;))| =4 anda < 2, then E(V(S;), {bk, ¢k, d
}=0.

(iv) Ifv e V(G—H), |[E(v,V(S:))| =3 and a < 2, then |E(x, {ak, bk, cr})]
<1 for each x € Ng,(v) and, for the vertex z in V(S;) — Ng(v), we
have E(z,{bg, ck,dr}) =0 (so |[E(V(Si), {br,cr})| <3).

Proof. Assume that |E(v,V(S;))] > 2. We first claim that we have
|E(z,{ak, bk, ck})| < 1 for each x € V(S;) such that |E(v,V(S; — z))| > 2.
To see this, take x € V(S;) such that |E(v,V(S; — z))| > 2. Then
({v} UV(S; —z)) D K;. Hence by applying Lemma 2.3 with S’ =
{ak, bk, e} and X = ({v} UV (S; — x)), we obtain |E(z,{ak, bk, cx})| < 1,
as claimed. Thus if |E(v,V(S;))| > 3, then |E(x, {ak, bk, cr})| < 1 for each
x € V(S;), which proves (i) and the first assertion of (iv). Assume now that
|E(v,V(S;))| = 2. By symmetry, we may assume Ng, (v) = {a;,b;}. Then
by the above claim, |E({c;,d;},{ak,bk,cx})] < 2. Therefore, we obtain
|E(V(SZ)7 {akv bk Ck})‘ = |E({ai’ bZ}? {akv br, Ck})|+|E({Ch dl}v {ak7 bk, Ck})|
< 642 = 8 and, since we clearly have |E({c;,d; }, {bk, ek })| < |E({ci, di}, {ax,
bi, ¢k })|, we also obtain |E(V (S;), {bk, ck })| = |E({as, b}, {bk, e }) |+ E({c,
di}, {bk,cr})] < 4+ 2 = 6. Thus (ii) holds. Finally assume that v €
V(G- H), |[E(w,V(S;)| > 3 and a < 2, and take z € V(S;) such that
|E(v,V(S; — 2))| = 3. If E(z,{bk,ck,dr}) # 0, then replacing S; by
({v} UV(S; — 2)) and v by z, we get a contradiction to the maximality
of a. Thus E(z,{bk,ck,dr}) = 0, which proves (iii) and the second asser-
tion of (iv). O



Lemma 3.2.Let v € V(G — H). Let 1 < i < k — 1, and suppose that
Si 2 K, and |E(v,V(S;))| > 3. Then the following hold.

(i) We have |[E(V(S;),{ak,bk,cr})] <6 and |[E(V(S;),{bk,cr})| < 5.
(if) If a <4, then |E(V(S:), V(Sk))| < 7.
(iil) If & <2, then |E(u,V(S;))| <1 for each u € {by, ck,dy}.

Proof. By Lemma 2.1(i) and by symmetry, we may assume Ng,(v) =
{a;,¢i,d;}. Then for each © € {b;, ¢;,d;}, we get |E(x, {ar, bk, cr})| <1 by
applying Lemma 2.3 with S" = ({ag, bk, cx}) and X = {v} UV (S; — z)).
Hence |E({bi, ¢, di}, {ak, b, ck})| < 3. Consequently |E(V(S;),{ak, bk, cr}
)| < |E(as, {ak, b, ek })|+ | E({bi, ci, di }, {ak, bi, ci})| < 3+3 = 6 and, since
we clearly have |E({b;,c;,d;}, {bx,cc})| < |E({bi,ci,di}, {ak, b, ck})|, we
similarly obtain |E(V(S;), {bk,ck})| <2+ 3 = 5. Now assume that o < 4.
Take & € {b;,¢;,d;}. If |E(x,V(Sg))| > 2, then replacing S; by ({v} U
V(S; —z)) and v by x, we get a contradiction to the maximality of a. Thus
|E(z,V(Sk))| <1 for each z € {b;,¢;,d;}, and hence |E(V(S;),V(Sk))| <
44+ 3 = 7. Finally assume that o < 2, and let u € {by,ck,dr}. Take
x € {b;,c;,d;}. If xzu € E(G), then as above, we get a contradiction to the
maximality of «. Thus zu ¢ E(G) for each x € {b;, ¢;,d;}, which implies
|E(u, V(S:))] < 1. O

Now fix v € V(G — H) such that pr(v) = a. We divide the proof of
Theorem 1 into four cases according to the value of o =pr(v).
Case 1: The case where Ng, (v) = {ax,dr} (i.e., & = 6)

Lemma 3.3.For each i with 1 < i < k—1, |E({bg, ck,dr, v}, V(S;))| < 10.

Proof. By way of contradiction, suppose that
|E({bk,ck,dk,’()},V(S¢))| > 11. (A)
We consider three subcases separately according as S; = K4, K, or S.

Subcase 1: S; = Kjy.

We first claim that if Ng, (dx) N Ng,(v) # 0, then |E(x,V(S; —y))| <1
for each y € Ng,(di) N Ng,(v) and each = € {bg,ck}. To see this, let
y € Ng,(dr) N Ng, (v) and x € {bg,cx}. Then ({y,ar,dx,v}) D K, . Hence
applying Lemma 2.3 with S = S —y and X = ({y, ar,dk,v}), we obtain
|E(z,V(Si—y))| <1, as claimed. Now suppose that Ng, (bx) N Ng, (c) # 0
and Ng,(dr) N Ng,(v) # 0. Then by the above claim, |E(z,V(S;))| <
2 for each = € {by,cr} and, by the symmetry of the roles of {by,ci}
and {dy,v}, we similarly obtain |E(z,V(S;))| < 2 for each = € {dj,v}.
Hence |E({bg, ck,dr, v}, V(S;))] < 8, which contradicts (A). Thus we have
Ng, (bg) N Ng, (ck) = 0 or Ng,(dx) N Ng, (v) = 0. We may assume Ng, (by) N



Ng,(ck) = 0. Then |Ng, (br)| + |Ns;(ck)] < 4, and hence |Ng,(dy)| +
|Ng, (v)] > 7 by (A), which implies |Ng,(d) N Ng, (v)| > 3. Therefore it fol-
lows from the claim made at the beginning of this subcase that |E(x, V (S;))|
< 1 for each « € {b, cx}, and hence |E({bg, cr}, V(S;))| < 2. Consequently
|E(b, ek, di, v}, V(Si))| = [E({bk, ex}, V(S) |+ E({dk, v}, V(Si))| < 248,
which contradicts (A).

Subcase 2: S; =2 K .

By (A) and Lemma 2.1 and by symmetry, we may assume that |E (v, V(
S| = |E(bk, V(S;))| = 3. Then |E({bx,ct},V(Si))| <5 by Lemma 3.2(i)
and, by symmetry, we similarly obtain |E({v,dx},V(S;))] < 5. Conse-
quently, |E({bx, ¢k, di, v}, V(S;))| < 10, which contradicts (A).

Subcase 3: S; = S.

By Lemma 2.1 and by symmetry, |[E(z,V(S;))| < 2 for each z €
{bk, Ck,dr, v}, which implies that |E({bg,ck,dr,v}, V(S;))| < 8, a contra-
diction. O

Now for each z € V(G — H — v), it follows from Lemma 2.1(ii) that
|E({bk,cr},x)] < 1, and we also have |E({dg,v},z)] < 1 by symmetry.
Hence by Lemma 3.3 , da(bx) +da (ck) +da(di)+da (v) < 10(k—1)+2{n—
(4k+1)} 48 = 2n+2k —4. On the other hand, d¢(bx) +de (ck) +de (dg) +
da(v) > 202(G) > 2n + 2k, which is a contradiction. This completes the
proof for Case 1.

Case 2: The case where Ng, (v) = {bk,di}, {ck, dr}, {br}, {ck} or {di} (i-e.,
3<a<h)

By the symmetry of the roles of bx and c¢g, we may assume Ng, (v) =

{bk, dk}, {bk} or {dk}

Lemma 3.4.For each i with1 < i < k—1, 2|E(v,V(S;))|+|E({ak, bk, ck, dr}
LV (S))] < 15.

Proof. By way of contradiction, suppose that
2[E(v,V(Si))| + |[E({ak, be, ck, di }, V(S3))] = 16. (B)
As in Lemma 3.3, we consider three subcases separately.

Subcase 1: S; = Ky.

Suppose that |E(v,V(S;))| > 3 or |E(dg, V(S;))| > 3. Then by Lemma
3.1(3), |E(V(S:),{ak,bk,cx})| < 4. By assumption (B), this implies that
B0, V(S))| = 4, [E(V(S:), {ak, b cxh)| = 4 and [B(dg, V(S)] = 4.
From |E(V(S;),{ak,br,ck})| = 4, we see that there exist z,y € V(5;)
such that Ng(x) N {ak,bk,ck} N Na(y) # 0. Now by replacing S; by
(V(S; —z)U{v}) and v by x, we see from the maximality of « that o = 5,
that is to say, Ng, (v) = {b,di}. This implies ({di,v}U(V(S;)—{z,y})) =



K,. Consequently by replacing S;, S and v by ({di,v}U(V(S;) —{z,y})),
({x,br, ck,ar}) and y, we get a contradiction to the maximality of «.
Thus |E(v,V(S;))] < 2 and |E(dk, V(S;))] < 2. If |[E(v,V(S;))| = 2 or
|E(dk, V(Si))| = 2, then |E(V(S;),{ak, bk, cr})| <8 by Lemma 3.1(ii), and
hence 2|E(v,V(S;:))| + |E({ak, bk, ck,di }, V(Si))| <442+ 8 =14, a con-
tradiction. Thus |E(v,V(S;))] <1 and |E(dk, V(S:))| < 1. Consequently,
2|E(v, V(S)| + |E({ak, bk, ¢k, di }, V(S;))| <241+ 12 = 15, which con-
tradicts (B).

Subcase 2: S; = K .
By Lemma 2.1, |E(v, V(S;))| < 3. We divide the proof into two subcases
according as by, ¢ Ng, (v) or by, € Ng, (v).

Subcase 2.1: Ng, (v) = {dx}.

First assume |E(v,V(S;))| = 3. Then by Lemma 3.2(ii), |E(V(S;), {ax,
bi, ¢k, di })| < 7. Consequently, 2|E(v,V(S;))| + |E({ak, bk, ¢k, dr }, V(S:i))]
< 6 + 7, which contradicts (B). Next assume that |E(v,V(S;))| = 2. If
|E(v,{ai,bi})|] = 2, then arguing as in the proof of Lemma 3.2(ii), we
see from the maximality of a that |E({c;,di},V(Sk))| < 2, and hence
2|E(v, V(S)|+|E({ak, bk, ¢k, di }, V(Si))| < 4+8+42 = 14, a contradiction.
Thus |E(v,{ai,b;})| < 1. Assume for the morment that |E (v, {a;, b;})| = 1,
say, va;,ve; € E(G). Then by the maximality of «, |E(d;,V(Sk)| < 1.
If |E(b;,V(Sk))| > 3, then replacing S;,S; and v by ({b;,ak,bk,ci}) ,
({ai, ¢;, d;,v}) and dy, respectively, we get a contradiction to the maximality
of a. Thus we also have |E(b;, V(Sk))| < 2. Consequently, 2|E (v, V(S;))|+
|E({ak, br, ck, di}, V(Si))| <4+ 842+ 1 =15, a contradiction. Thus we
are reduced to the case where Ng, (v) = {¢;,d;}. Suppose that Ng(di) N
{ai,b;} # 0. Then we see from the maximality of « that |E({c;, d;}, {ax, bk,
ck})] < 2, and hence 2|E(v,V(S;))| + |E({ak, bk, ck,dr}, V(S:))| < 4 +
8 +2+2 = 16. In view of (B), this implies that |E(dg, {ci,d;})| = 2
and |E({ak, bk, ¢k, dr }, {ai,bi})| = 8. Consequently replacing S; and Sy by
({v,dg,ci,d;}) and ({b;, ak, bk, cx }), we get a contradiction to the maximal-
ity of k'. Thus Ng(d) N{ai,b;} = @, which implies that |E(dg, V(C;))| =
|E(dg, {ci,d;})] < 2. Since we are assuming Ng,(v) = {c;,d;}, we also
have |E({c;,d;}, {ak, b, ci})| < 4 by Lemma 2.4. By (B), it follows that
|E(dg, {ci,d;})| = 2 and |E({ak, bk, ¢k }, {ai, b;})| = 6. Consequently by re-
placing S; and Sy by ({v,dk,c;,d;}) and ({b;, ak, b, cr}), respectively, we
get a contradiction to the maximality of k’. This concludes the discussion
for the case where |E(v,V(S;))| = 2. Finally assume |E(v,V(S;))| < 1. If
|E(ci, {ak, bi, ek })| = 3 or |E(di, {ak, bk, ck })| = 3, then |E(dy, V(S;))] <1
by Lemma 2.4 , and hence 2|E(v,V(S;))| + |E({ak, bk, ck,di}, V(Si))| <
24+ 1+ 12 = 15, a contradiction. Thus |E(c;, {ak,bk,ck})| < 2 and
|E(di, {ak, bk, cx})| < 2. By (B), this implies that |E(dk, V(S;))| = 4 and
|E(ci, {ak, br,cr})| = 2. Therefore replacing S; and Sy by ({dk,a;,b;,d;})



and ({c;, ax, bk, cr}), we get a contradiction to the maximality of &’

Subcase 2.2: Ng, (v) = {bg,dr} or Ng, (v) = {bx}.

By the symmetry of v and dj, in (V(S;)U{v}), we have |E(dg, V(S;))] <
3 by Lemma 2.1. If | E(v, V(S;))| = 3or |E(dg, V(S:))| = 3, then |E(V(S;), {
ak, bi,cr})| < 6 by Lemma 3.2(i), and hence 2|E (v, V(S;))|+ |E({ak, bk, ck,
dp},V(Si))] <6434 6 =15, a contradiction. Thus |E(v, V(S;))| < 2 and
|E(dg,V(Si))| < 2. Hence by (B), |[E(V(S:),{ak,bk,cr})] > 10. Now if
|E(¢iy {ak, br,ck})| = 3 or |E(d;, {ak, bk, ck})| = 3, then |E(v,V(S;))] <1
and |E(di, V(Si))| <1 by Lemma 2.4, and hence 2| E (v, V(S;))|+|E({ax, bk,
¢k, di},V(S;))| <34 12 = 15, a contradiction. Thus |E(¢;, {ak, bk, ci})| <
2 and |E(di, {ak,bx,cx})| < 2. Consequently |E(c;,{ak,br,ck})] = 2,
|E(diﬂ{ak7bkvck})‘ =2, |E({aiabi}v{ak7bkvck})‘ = 6 and |E(’U’V(SZ))| =
|E(di, V(S:))| = 2. Ifva; € E(G), we get a contradiction to the maximality
of k' by replacing S; and Sy, either by ({a;,b;,c;,v}) and ({ag, b, cr,d;})
or by ({a;,b;,d;,v}) and ({ak,bk,ck,c;}). Thus va; ¢ E(G). Similarly
vb; ¢ E(G). Hence Ng,(v) = {¢;,d;}. By symmetry, we similarly obtain
Ng,(dr) = {ci,d;}. Since |E(cq, {ak, bk, ck})| = 2, we have ¢;a,, € E(G) or
cibp € E(G). By the symmetry of a; and by in (V(Sk) U {v}), we may
assume ¢;b € E(G). But then replacing S; and Sy by ({a;,c;, bg,v}) and
({b;,d;,ar, c}), we obtain a contradiction to the maximality of k.

Subcase 3: S; = S.

First assume that |E(v, V(S;))| < 1. Then by (B), |E({ak, bk, ¢k, di}, V(
Sz))| Z 14. If |E'(dk7 {ai, bi, Cl})|+|E(dZ, {ak, bk, Ck})l Z 4, then E(dk, {ai, bi,
¢i}) # 0 and E(d;, {ak, bk, cx}) # 0 and we have |E(dg, {a;,b;,c;})| > 2 or
|E(d;, {ak, bk, cx})| > 2, and hence we get a contradiction to the maximality
of k' by replacing S; and Sy by ({ai,bi, c;,dr}) and ({ax, bk, ck,d;}). Thus
|E(dk, {ai, bi,ci})| + |E(di, {ak, bk, cx})| < 3. Hence |E(V(Sk),V(S:))| =
|E(dk7 dl)‘+(‘E(dk’ {ai’ bi’ Ci})‘+|E({aka bk’ Ck}v dt)|)+|E({ak7 bka Ck}v {aiv biv
¢i})| < 14349, which contradicts the earlier assertion that |E(V(Sy), V(S;))
| > 14. Next assume that |E(v, V(S;))| > 2. By the maximality of «, this
forces |E(v,V(S;))| = 2, Ng,(v) = {bk,dx}, di € Ng,(v) and [{b;,c;} N
Ng, (v)| = 1. Hence applying Lemma 2.1 with the roles of v and dj inter-
changed we obtain |E(dg, {a;, b;,¢;})| < 1. Further applying Lemma 2.1 to
Sk, with the roles of v and d; interchanged, we obtain |E(d;, {ak, bk, ci})| <
1. Consequently |E(V(Sk),V(S:)| = |E(dk,d;)| + |E(dg, {a:,bi,ci})| +
|E({ak, b, Ck}, d,’)‘ + |E({ak, b, Ck}, {ai, b, Ci})| <14+1+1+9. In view of
(B), this forces did; € E(G) and |E({ak, bk, ¢k}, {ai, bi, ci})| = 9. Therefore
({a;, di,v,di}) D S and ({b;, ak, b, cx }) = K4, and hence we get a contra-
diction to the maximality of &’ by replacing S; and Sy, by ({a;,d;,v,di})
and ({b;, ax, bi, cr}). O



For each z € V(G — H — v), 2|E(v,2)| + |E({ak, bk, ¢k, dr },2)] < 4
by Lemma 2.1 and, if equality holds, then di,v € Ng(z) by Lemma 2.1,
and Ng, (v) = {br,dr} ( and |Ng(x) N {bk,cx}| = 1) by the maximality
of pr(v). Thus if there exist two vertices z,y € V(G — H — v) such that
2‘E(’U,l‘)| + |E({ak7bk’ck’dk}7x)‘ = 2|E(v,y)| + |E({ak’bkvckadk}ay)‘ =
4, then by replacing Sy by ({z,y,v,dr}), we get a contradiction to the
maximality of ¥’. Consequently, by Lemma 3.4, 2dg(v) +dg(ax) +da(br) +
de(cr) + da(dy) < 15(k — 1) +3(n — 4k — 1) + 1+ 14 = 3n + 3k — 3. On
the other hand, by the assumption that o2(G) > n+ k, 2dg(v) + dg(ar) +
de(bi) + dg(ek) + da(dx) > 3n + 3k. This is a contradiction, and this
completes the proof for Case 2.

Case 3: The case where Ng, (v) =0 (i.e.,a0 = 2)

Lemma 3.5.For each i with1 < i < k—1, 4|E(v, V(S:))|+|E({ak, bk, cx, di }

Proof. By way of contradiction, suppose that
AIE(v, V(Si))| + | E({ak, bk, e, i}, V(Si))] > 21. (©)
Then |E(v,V(S;))| > 2. By the maximality of «, this implies that S; 2 S.

Subcase 1: S; = Kj4.

If |[E(v,V(S;))] = 4, then by Lemma 3.1(iii), E({bk, ck,dr}, V(Si))
which implies that 4|E (v, V(S:))| + |E({ak, bk, ck, di}, V(Si))| < 16
a contradiction. If |E(v,V(S;))| = 3, then |E(V(S;),{ar, bk, cr})]
by Lemma 3.1(i), and hence 4|E (v, V(S;))| + |E({ak, bk, ¢k, di }, V(Si))]
12 + 4+ 4 = 20, a contradiction. Finally if |E(v,V(S;))| = 2, the
|E(V(S;),{ak, bk, cr})| < 8 by Lemma 3.1(ii), and hence 4|E (v, V(S;))|
|E({ak, br, ¢k, di}, V(Si))| <8+ 4+ 8 =20, a contradiction.

Subcase 2: 5; = K .

By Lemma 2.1, |E(v, V(S;))| < 3. If |[E(v,V(S;))| = 3, then |E(V(S;), {
a, bi, ¢k, di })| < 7 by Lemma 3.2(ii), and hence 4|E (v, V(S;))|+|E ({ ak, bk,
¢k, di}, V(Si))| <1247 =19, a contradiction. Thus |E(v,V(S;))| = 2. By
Lemma 2.4, we have |E(c;, {ar, b, cx})| < 2 and |E(d;, {ak, bg,cr})| < 2.
Since we clearly have |E({a;, b}, {ar, bk, ck})| < 6, this together with (C)
implies that we have |E(c;, {ak, bk, cx})| = 2 or |E(d;, {ak, bk, ci })| = 2, and
|E(dk, V(Si))| > 3. By the symmetry of the roles of ¢; and d;, we may as-
sume |E(c¢;, {ak, bg, cr})| = 2. Then replacing S; and Sy, by ({dk, a;,b;,d;})
and ({c;, ax, bk, cr}), we get a contradiction to the maximality of &’ O

=
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Let « € V(G— H —v). By the maximality of pr(v), Ng, () C {a}. Fur-
ther if zay, xv € E(G), then by replacing Sy, by ({z}UV (S, —dk)), we get a



contradiction to the maximality of a. Hence 4|E (v, z)|+ |E({ak, bk, ¢k, di },
z)| < 4. Consequently, by Lemma 3.5, 4dg (v) +dg(ax) +da (b)) + da(ck) +
de(di) <20(k—1)+4(n—4k —1) +8 = 4n 4+ 4k — 16. On the other hand,
by the assumption that o2(G) > n+k, 4dg(v)+dg(ar)+da(by) +da(cr) +
dg(dy) > 4n+4k. This is a contradiction, and this completes the proof for
Case 3.

Case 4: The case where Ng, (v) = {ar} (i.e.,a=1)

Lemma 3.6.For eachi with1 <i < k—1, 2|E({v,di}, V(S:))|+|E({bk, ck},
V(S:)| < 16, and equality holds only if S; = K, , Ng,(v) = Ng,(dg) =
{Ci,di}, Ng(bk) D V(SZ) and Ng(ck) D V(SZ)

Proof. Suppose that

2\ E({v, i}k, V()| + [E({bi, i}, V()] = 16. (D)
Then we have |E(v,V(S;))| > 2 or |E(dk, V(S;))| > 2. By the symmetry
of the roles of v and dj, we may assume that |E(v, V(S;))| > 2. Then by
the maximality of o, S; 2 S.

Subcase 1: S; = Kjy4.

If |E(v,V(S;))] = 4, then E(V(S;),{bk,ck,dr}) = 0 by Lemma 3.1(iii),
and hence 2|E({v,dr}, V(S:))| + |E({br,cx}, V(Si))| < 8, a contradiction.
Thus |E(v,V(S;))| < 3 and, by symmetry, we similarly obtain |E(dg, V' (S;))
| <3. If |E(v,V(S;))| = 3, then |E(V(S:), {bk, cx})| < 3 by Lemma 3.1(iv),
and hence 2|E({v,di}, V(S:)| + |E({bk,cr}, V(S:))| <1243 =15, a con-
tradiction. Thus |E(v,V(S;))| = 2, and we similarly obtain |E(dg, V' (S;))
| <2. Now by Lemma 3.1(ii), |[E(V(S;), {bk,cx})| < 6, and hence 2|E({v,
dp}, V(Si))| + |E({bk, ck}, V(Si))| <8+ 6, a contradiction.

Subcase 2: S; = K .

By Lemma 2.1, |E(v, V(S;))| < 3. By symmetry, we also have |E(dj, V(
S| < 3. If |[E(v,V(S;:))| = 3, then |E(V(S;),{bk,ck})| < 2 by Lemma
3.2(iii), and hence 2|E({v,di}, V(S:))|+|E({ bk, ck}, V(S:))| < 12+2 = 14,
a contradiction. Thus |E (v, V(95;))| = 2. By symmetry, we similarly obtain
|E(dk, V(Si))| < 2. In view of (D), this implies that |E(dg, V(S:))| = 2,
Ng(bk) 2 V(S;) and Ng(ck) 2 V(S;). If Ng(v) N {ai,bi} # (), then
|E({ci,di}, {br;cx})| < 3 by Lemma 2.4, which contradicts the assertion
that Ng(bx) 2 V(S:) and Ng(ex) 2 V(S;).Thus Ng, (v) = {¢;,d;}, and we
similarly obtain Ng, (dx) = {ci, d;}. O

Note that for each € V(G — H —v), Ng(z) N {v, b, ck,di} = 0 by the
maximality of pr(v). Suppose that 2|E({v,dk}, V(S:)|+|E({ bk, cx}, V(S:))
| <15 for each ¢ with 1 <4 < k — 1. Then 2(dg(v) + dg(dg)) + dg(bx) +
dg(cr) < 15(k — 1) +8 = 15k — 7. On the other hand, by the as-
sumption that o2(G) > n + k, 2(dg(v) + dg(di)) + da(bk) + da(ck) >
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3(n + k) > 15k + 3. This is a contradiction. Thus we may assume that
2|E({v,di},V(S1))| + |[E({bk,ck},V(S1))| > 16. Then by Lemma 3.6,
Z‘E({Uvdk}av(sl))‘ + |E({bkvck}av(sl))‘ = 16, 51 = K, , Ns, (U) =
Nsl (dk) = {Cl,dl}, NG(bk) D V(Sl) and NG(Ck) D V(Sl) If ageq € E(G),
then by replacing S1 and Sy by ({v, c1,ax,di}) and ({bg, a1,b1,d1}), we get
a contradiction to the maximality of k. Thus aic1 ¢ E(G). Now we prove
the following lemma.

Lemma 3.7.For each i with2 <i < k—1, 2|E({v,dx}, V(S))|+|E{ak, 1
5 V(S)| < 15.

Proof. By way of contradiction, suppose that

2|E({v, di}, V(Si))| + |[E({ak, e}, V(Si))| = 16. (E)
By the symmetry of the roles of v and d, we may assume that |E (v, V(S;))|
2 |E(dk, V(5))]-

Subcase 1: S; = Kjy.

First we consider the case where |E(v,V(S;))| = 4. By Lemma 3.1(iii),
E(dk,V(S;)) = 0. In view of (E), this forces |E(ax,V(S;))| = 4 and
|E(c1,V(S;))| = 4. Hence by replacing S1,.5; and Sy, by ({a1,b1,bk, cx}), ({
1, ai, iy ¢ }) and ({d;, v, ak, di }), respectively, we get a contradiction to the
maximality of 25:1 |E(S;)|. Next we consider the case where |E(v, V (S;))]
= 3. Note that we have Ng,(v) D Ng,(di) by Lemma 3.1(iv). Assume first
that |E(dg,V(S;))| = 3. Then Ng,(v) = Ng,(dy). Suppose that Ng,(v) N
Ng, (ag) # 0, and let y € Ng, (v)NNg, (ar). Then by replacing S, S;, Sk and
v by ({ck,a1,b1,d1}), ({de YUV (Si—y)), ({y, v, ar, b }) and ¢1, respectively,
we get a contradiction to the maximality of a. Thus Ng, (v) N Ng, (ax) = 0,
which implies that |E(ax, V(S;))] < 1. If |E(ak, V(S;))| = 0, then by re-
placing S; by ({v} U Ng, (v)) and v by the vertex in V(S;) — Ng(v), we get
a contradiction to the maximality of o. Thus |E(ax, V(S;))| = 1. Also, by
(E), we have |E(c1,V(S;))| > 3. Takey € Ng,(v)NNg, (dg)NNsg, (c1). Then
by replacing S1,5;, Sk and v by ({ck,a1,b1,d1}), ({y,v,dk,c1}), ({an} U
V(S; — y)) and by, respectively, we get a contradiction to the maximal-
ity of o because |E(ag,V(S;) — {z})| = 1 and axby € E(G). Assume
now that |E(dg, V(S;))] < 2. Then by (E), 1 < |E(dk, V(S:))| < 2 and
|E(c1,V(S:)| + |E(ax, V(S;))] > 6. Suppose that Ng,(v) N Ng,(dx) N
Ng,(c1) # 0, and let y € Ng,(v)NNg, (dg) NN, (¢1). Since |E(c1, V(S:))]|+
|E(ak, V(S;))| > 6, we have Ng,(ax) — {y} # 0. Hence by replacing
51,8, Sk and v by ({ck,a1,b1,d1}), {y,v,di,c1}), (V(S; —y) U {ax}) and
b, respectively, we get a contradiction to the maximality of a. Thus
N, (v)NNg, (d)NNg,(c1) = 0. Since Ng, (v) D Ng, (dg), this together with
(E) implies that |E(dk, V(S:))| = |E(c1, V(S:))| = 2 and |E(ak, V(S;))| =
4. Let y € Ng,(v) N Ng,(ar) — Ng(c1). Then by replacing Si, S;, Sk and v
by ({a1,b1,bk,cx}), (V(Si —y) U{er}), {{y,v,ak,dr}) and dy, respectively,
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we get a contradiction to the maximality of « because didy,d1v € E(QG).
This concludes the discussion for the case where |E(v,V(S;))| = 3. Finally
we consider the case where |E(v,V(S;))| < 2. By (E), |E(v,V(S))| =
|E(dkvv(51))| = 2, |E({ak701}>V(SZ))| = 8. Let y € NSi(U) N NSi(ak)'
Then by replacing S1, S; and Sy, by ({a1,b1, bk, ek }), (V(Si —y)U{c1}) and
({y,v,ar,dy}), respectively, we get a contradiction to the maximality of

SE_LIE(S))].

Subcase 2: S; = K .

By Lemma 2.1, |E(v,V(S;))| < 3. Suppose that |E(v,V(S;))| = 3.
Then ¢;,d; € Ng(v) by Lemma 2.1. By Lemma 3.2(iii), we also have
|E(dr, V(Si))| < 1. By (E), this forces |E(ak, V(S:))| = |E(c1, V(S:))| = 4.
Consequently by replacing S1,.5; and Sy by ({cx} U V(ST — 1)), {c1} U
V(S;—¢i)) and ({¢;,v, ag,di}), we get a contradiction to the maximality of
Z§=1 |E(S;)]. Thus |E(v,V(S;))| < 2. By (E), this forces |E(v,V(5;))| =
2,|E(dy, V(S:))| = 2, and |E({ak,c1},V(S;))] = 8. Suppose that Ng, (v) N
Ns, (di) # 0, and take y € Ng,(v) N Ng,(dg). Then replacing S1, S; and
Sk by {ck,a1,b1,d1}), {ar} UV(S; —y)) and ({y,v,c1,d}), we get a
contradiction to the maximality of k. Thus Ng,(v) N Ng,(d;) = (. Since
|E(dr, V(S:))| = 2 and |E(v,V(S;))| = 2, we may assume ¢;d;, € E(G) by
symmetry. Then by replacing S; by (V(S; — ¢;) U{v}) and v by ¢;, we get
a contradiction to the maximality of a.

Subcase 3: S; = S.

By the maximality of «a, E(v,V(S;)) C {a;v} and E(dg,V(S;)) C
{a;dy}, and hence 2|E({v,dr}, V(S:))| + |[E({ak,c1}, V(S:))] <4+8=12.
This is a contradiction. O

For each z € V(G — H —v), E(z,{v,c1,a5,dr}) C {zc1,zar} by the
maximality of «, and hence 2|E({v,dy}, z)| + |E({ak,c1}, )| < 2. Conse-
quently, by Lemma 3.7, 2(dg (v) + dg(dk)) + da(ar) + dg(c1) < 15(k—2) +
2(n—4k—1)+2(3+3)+8+6 = 2n+ 7k —6. On the other hand, by the as-
sumption that o3(G) > n+k, 2(dg(v)+da(di))+da(ar)+da(c1) > 3n+3k.
Since n > 4k + 1, this is a contradiction.

This completes the proof of Theorem 1.
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