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In this paper, we consider only finite, simple, undirected graphs with no loops
and no multiple edges. For a graph G, we denote by V(G) and E(G) the
vertex set and the edge set of GG, respectively. For a vertex x of a graph G, the
neighborhood of x in G is denoted by Ng(z), and we let dg(z) := |Ng(x)|.
Also let §(G) := min{dg(z)| x € V(G)}. For a noncomplete graph G, let
09(@) :==min{dg(z) + dg(y)| zy ¢ E(G)}; if G is a complete graph, let
09(G) := oo. For an integer n > 1, we let K, denote the complete graph of
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Abstract

Let n, h be integers with n > 6 and h > 7. We prove that if G is a
graph of order n with o9(G) > h, then G contains two disjoint cycles
C; and Cy such that |[V(Cy)| + |[V(C2)| > min{h,n}.

Introduction

order n. In this paper, “disjoint” means “vertex-disjoint”.

This paper is concerned with the existence of disjoint cycles. The follow-

ing theorem was proved by H.Enomoto in [6] and by H.Wang in [9]:
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Theorem 1. ([6,9]) Let k be an integer with k > 2. Let G be a graph of
order at least 3k, and suppose that o9(G) > 4k — 1. Then G contains k
disjoint cycles.

We remark that complete bipartite graphs Koy_1 , with m > 2k —1 show
that in Theorem 1, the condition 09(G) > 4k — 1 is sharp. On the other
hand, the following theorem had been proved by J.-C.Bermond in [1]:

Theorem 2. ([1]) Let n,h be integers with n > 3 and h > 4. Let G be a
2-connected graph of order n, and suppose that o9(G) > h. Then G contains
a cycle C with |V(C)| > min{h,n}.

In [8], combining Theorems 1 and 2, H.-Wang made a conjecture that if
k,n,d are integers with k > 2,n > 3k, and d > 2k, and if GG is a graph
of order n such that 6(G) > d, then G contains k disjoint cycles such that
[V(C)|+...+|V(Ck)| > min{2d,n}. Ascan be seen from complete bipartite
graphs K, with m > d, in the conclusion of the conjecture, the lower bound
2d on |V (Cy)|+ ...+ |V(Cy)] is best possible. For k = 2, the conjecture was
settled in [8]:

Theorem 3. ([8]) Let n,d be integers with n > 6 and d > 4. Let G be a
graph of order n, and suppose that 6(G) > d. Then G contains two disjoint
cycles Cy and Cy such that |V (Ch)| + |V (Cq)| > min{2d, n}.

For k > 3, the conjecture was settled in [3]; in fact, the following oo-
version was proved:

Theorem 4. ([5]) Let k,n, h be integers with k > 3,n > 3k, and h > 4k —1.
Let G be a graph of order n, and suppose that 03(G) > h. Then G contains
k disjoint cycles Cy, ... ,Cy such that |V(C1)| + ...+ |V(Ck)| > min{h,n}.

The purpose of this paper is to show that Theorem 4 holds for £k = 2 as
well; that is to say, we prove the following o,-version of Theorem 4:

Main Theorem. Let n, h be integers with n > 6 and h > 7. Let G be a
graph of order n, and suppose that o2(G) > h. Then G contains two disjoint
cycles Cy and Cy such that |V(Cy)| + |V(Cq)| > min{h,n}.

In the proof of the Main Theorem, we make use of the following two
results (Lemma 5 is proved in [4]; Lemma 6 is essentially proved in [3], and
can also be obtained by applying Theorem 2 to an appropriate endblock of
the graph under consideration):



Lemma 5. ([4]) Let d > 3 be an integer, and let G be a 2-connected graph
of order at least 4. Let a,b be distinct vertices of G, and suppose that every
vertex in V(G) —{a, b}, possibly except one, has degree at least d in G. Then
G contains a path of length at least d joining a and b.

Lemma 6. ([3]) Let d > 2 be an integer. Let G be a graph of order at least
3, and suppose that every vertex of G, possibly except one, has degree at least
d. Then G contains a cycle C such that |V (C)| > d + 1.

We add that the case where h = n and h = n — 1 of Theorem 4 had
already been considered by S.Brandt et al. in [2] and by K.Kawarabayashi
in [7], respectively:

Theorem 7. ([2]) Let k,n be integers with n > 4k — 1. Let G be a graph of
order n, and suppose that 05(G) > n. Then G contains k disjoint cycles C;,
1 <i <k, such that V(Cy)U...UV(Cy) =V(Q).

Theorem 8. ([7]) Let k,n be integers with k > 2 and n > 4k. Let G be a
graph of order n, and suppose that o9(G) > n—1. Then one of the following
holds:

(i) G contains k disjoint cycles C;, 1 <i < k, such that V(Cy)U.. .UV (Cy) =
V(G);

(ii) G has a vertex set S C V(G) with |S| = "5 such that G — S is indepen-
dent; or

(iii) G is isomorphic to the graph obtained from K,_; by adding a vertex
and join it to precisely one verter of K,_1 (i.e., G is isomorphic to
(K2 UKy) + K).

Our notation is standard except possibly for the following. Let G be a
graph. For a subset L of V(G), the subgraph induced by L is denoted by (L).
For a subset M of V(G), welet G— M = (V(G)— M). For subsets L and M
of V(G) with LN M = ), we let E(L, M) denote the set of edges of G joining
a vertex in L and a vertex in M. A vertex z is often identified with the set
{z}. Thus if z € V(G), then G — x means G — {z}, and E(x, M) means
E({z}, M) for M C V(G —x). Now let C' = 2125 ... )y ()21 be a cycle. For
a vertex . = x; € V(C), we define 2% = 2, ; and 277 = z;_; (indices are to
be read modulo |V(C)|). For simplicity, we let z+ = x*! 2z~ = 27!, Also,
for z;,x; € V(C) with i < j < i+ |V(C)|, we let C[z;, ;] denote the path
T;%Tit1Tiv2 . . . ¢; (indices are to be read modulo |V (C))).



2 Proof of the Main Theorem

Let n, h, G be as in the Main Theorem. If n = 6, then the desired conclusion
immediately follows from Theorem 1. Thus we may assume n > 7. Then in
view of the desired conclusion, we may also assume h < n. Thus, consider
n > h>7. Now if n = h or h+ 1, then applying Theorem 7 or 8 with k = 2,
we see that GG contains cycles with the desired properties. Consequently
we may further assume n > h + 2. First assume that G is disconnected.
Let Hy, Hy be two components of G. Then §(H;) + 6(Hy) > h. We may
assume 0(Hy) > §(Hq). If 6(Hs) < 1, then §(Hy) > h—1 > [h/2] and
|V(Hy)| > 0(Hy) + 1 > h, and hence we obtain the desired conclusion by
applying Theorem 3 to H;. Thus we may assume §(Hz) > 2. Then by
Lemma 6, H; contains a cycle C; with |V (C;)| > 6(H;) + 1 for each i = 1, 2,
and C7 and Cy are cycles with the desired properties. Next assume that G
is connected but not 2-connected. Let By, By be two endblocks of G. For
each i = 1,2, let z; be the cut vertex of G lying in Bj(it is possible that
21 = z7) and set d; := min{dg(z)|r € V(B; — 2)}. Then d; +dy > h. We
may assume d; > dy. If dy < 1,thendy > h—1,|V(By)| >di+1>h
and o9(B;) > dy + 2 > h, and hence we obtain the desired conclusion by
applying to Bj the result for the case where G is 2-connected (note that our
proof for the case where G is 2-connected does not depend on the result for
the case where GG is not 2-connected). Thus we may assume dy > 2. Then
by Lemma 6 By contains a cycle Cy with |[V(Cy)| > dy + 1. Note also that
0(By —z) >dy —1>h/2—1> 2. Consequently B; — z; contains a cycle
Cy with |[V(Cy)| > dy, and Cy and Cy are cycles with the desired properties.
We henceforth assume that G is 2-connected. Suppose further that G is
a counterexample to the Main Theorem. We distinguish two cases: the case
where n > h + 3 and h > 11, and the case where n = h+ 2 or 7 < h < 10.

Casel: n>h+3and h > 11

Claim 2.1. §(G) > 3.

Proof. Since G is 2-connected, §(G) > 2. Suppose that there exists a
v € V(G) such that dg(v) = 2. Then by the assumption that oo(G) > h,
de-Ng@w)—o(®) > dg(x)—2 > (h—2)—2 > h/2 for each z € V(G —Ng(v)—v),
and we also have |V(G — Ng(v) —v)| > n —3 > h. Hence by Theorem 3,
G — N¢(v) —v contains cycles with the required properties, which contradicts
the assumption that G is a counterexample. O

Let C be a longest cycle in G. Then |V(C)| > h by Theorem 2.



Subcase 1.1: |[V(C)| =n
Write C' = 010y ... v,01. Set d = [(h + 1)/2]. First we prove two claims.

Claim 2.2. Suppose that dg(vi) > d and dg(v,) > d, and write Ng_gc)(v1)
= {Uip . ,Uip}(3 < <in<... < ip < 77,—1), NG—E(C’)(Un) = {”Ujl, R ,qu}
(2 <51 <Ja<...<jg<n—2). Further suppose that iy < j,. Then
dg(v1) = dg(v,) = d (hence p = ¢ = d — 2), and one of the following holds:

(1) there exists an integer s with 2 < s < d — 3 such that {i1,... ,i4_2} =
{3,4,...,d—stU{n—s,n—s+1,... ,.n—1}, {j1,... , ja2} ={n—
s—d+3,n—s—d+4,... ,n—s};

(ii) there exists an integer r with 2 < r < d — 3 such that {ji,... ,ja—2} =
{2,3,...,r+1}U{n—d+r+1,n—d+r+2,... ,n—=2}, {iy,... ,ig2} =
{r+1,r+2,...,d+r—2}; or

(111) {il,... ,idfg} = {3,4, ,d— 1}, Z-d,Q € {TL—Q,H— 1}, jl € {2,3},
{jo, -y Jao}={n—d+2,n—d+3,... ,n—2}.

Proof. Note that p = dg(v1) —2>d—2 and g = dg(v,) —2 > d — 2. Let
I'={ir,....000,J ={j,...,Jg}- Take k € [ and | € J with k < [ so that
[ — k is as small as possible. Let Ly = {1,2,... ,k}, Ly = {l,l +1,... ,n}.
Since Cluy, vg]u; and Cluy, v,]v; are disjoint cycles,

|Lq|+ |La] < h —1 (1)
by the assumption that GG is a counterexample. Since n > h 4+ 3, this implies
l—k>05. (2)

Note that I U J C L; U Ly by the minimality of [ — k. Let I; = I N Ly, I, =
]ﬂLg,Jl :Jle, and JQZJQLQ Then

L+ L]l =p>d—=2, ||+ |h]l=q¢g>d-2. (3)
Note that k € I; and [ € J5. For convenience, for a set X of integers and a
positive integer ¢, we let X" = {i+¢| i€ X} and X' ={i—t|i € X}, and
write X and X~ for X' and X!, respectively. By (2),

JItNL =0, "N J,=0. (4)
for each ¢ with 1 <t < 4. Note that n ¢ Iy and 1 ¢ J; by the definition of T
and J. Thus applying (4) with ¢t = 1, we get

Ly=5LUJ U(Ly — 1 —J;) (disjoint union), (5)

Ly = I3 UJyU(Ly — If — J5) (disjoint union). (6)
Since |I1|+|J1|+| 2| +]J2| > 2(d—2) > h—3 by (3), it follows from (1),(5),(6)
that

Ly — I — J7 |+ | Lo — I — Jo| < 2. (7)
We here prove three subclaims.



Subclaim 1. The following statements hold:

(i) Letie I, j € Ji. Theni > j.
(i) Leti € Iy, j € Jy. Theni > j.

Proof. Suppose that there exist ¢+ € I;,7 € J; such that ¢+ < j. We may
assume that ¢ and j are chosen so that j — i is as small as possible. By (4),
j—i>5. Since {i+1,i+2,...,7—2} C Ly — I} — J; by the minimality
of j — i, this implies L, — I} — J;' | > 3, which contradicts (7). Thus (i) is
proved, and we can similarly prove (ii). O

Subclaim 2. The following statements hold:

(i) Suppose that |Ji| > 2 and, in the case where |Ji| = 2, suppose further
that |I| > 2. Then Iy = 0.

(ii) Suppose that |I3| > 2 and, in the case where |I3| = 2, suppose further
that |Jo| > 2. Then J; = 0.

Proof. Let

[y = min Jq,

I { max J;  (max J; # k)

>7 | max (J; — {k}) (max J, =k).
If max J; # k, then by the assumption that |J;| > 2, I =max J; > min
Ji = ly; if max J; =k, then I, = {k} by Subclaim 1(i), which implies |.J;| > 3
by assumption, and hence ly = max (J;—{k}) > min (J;—{k}) = ;. Let k; =
min ([; — {lo}) (recall that k£ € I;). Now suppose that Iy # ), and let ky =
max Iy. If k1 ¢ Jy, then we clearly have {i| lb+1 <i <k —1} C L1 —I,—J
if ky € Jp, then (ky = k and) {i| I <i < k;—2} C Ly — I, — J; by Subclaim
1(i). In either case, |{i|lo < i < ki —1}N(L1—1;—J] )| > k1 —la—1. We also
have {Z' 1 S 1 S l1—2} Q Ll_Il_Jl_a and {Z' k2+2 S 1 S n} Q LQ__[;—_JQ
by Subclaim 1. Consequently (I —2) 4 (k; —lo — 1)+ (n — ko — 1) <2 by
(7), and hence

kg—k1+l2—l12n—6. (8)

On the other hand, v1C[vg,, vg,|v1 and v,C[v,, v, ]|v, are disjoint cycles. But
since n > h+3, it follows from (8) that |V (v1C[vk, , Vi, |v1)|+|V (0,C v, , vi,|0n
)| = (ka—k1+2)+(la—1;+2) > n—2 > h, which contradicts the assumption
that G is a counterexample. Thus (i) is proved, and we can similarly prove
(ii). O

Proof. Suppose that |J;| > 2 and I # (). Then by Subclaim 2(i), (|J1| = 2
and) |I;| < 1. Since |[I| = p > d—2 = [(h+1)/2]—2 > 4, this implies | 5| > 3,



and hence J; = () by Subclaim 2(ii), which contradicts the assumption that
|J1] > 2. Thus (i) is proved, and (ii) can be verified in a similar way. O

We are now in a position to complete the proof of Claim 2.2. By Subclaim
3, | hn{2,3} + |IlaN{n—2,n—1} <2, and hence

L2+ | 0 {n— Ll < 2. )
On the other hand, since {1,2}NI = and {n—1,n}NJ = @ by the definition
of I and J, we have {1,2} —J; C Ly — I, — J; and {n —1,n} — I C
Ly — I — Ja, and hence it follows from (7) that

{12} — Jr |+ [{n— L} — 1] <2 (10)
Consequently equality holds in (9) and (10). The equality in (10) implies
that equality holds in (7) and, in view of (5) and (6), it also implies
The equality in (7) together with (1),(3),(5),(6) implies that p = d — 2 and
q=d—2. Now if J; D {1,2}, then I = ) by Subclaim 3(i), and hence it
follows from (11) and Subclaim 1(i) that (ii) of the claim holds. Similarly if
I O {n—1,n}, then (i) holds. Finally if |J; N{1,2}| = | N{n—1,n}| =1,
then J; N(Ly—{1,2}) = I’ N(Ly—{n—1,n}) = 0 by Subclaim 3, and hence
it follows from (11) that (iii) holds. This completes the proof of Claim 2.2.
O

Claim 2.3. LetI,J,p,q,i1,... ,ip, J1,--- ,Jq be as in Claim 2.2, and suppose
that dg(vi) > d,dg(v,) > d and iy > j,. Then min{dg(v1),dg(v,)} = d, and
one of the following holds:

(1) dg(l)l) = dg(l)n) = d, {il,... ,ip} = {il,il + ]_, ,il +d—3}, and
{jla"'7jq}:{jq_d+37jq_d+47"'7jq}7'

(11) ’L.l :jq,dg(vl) :d—f-l,dg(?}n) :d,{il,... ,ip} = {il,il—f-l,... ,il—f-d—
2}, and {j1,... ,Jo} ={Jg—d+3,j,—d+4,... ,3.};

(111) il = iq,dg(ﬂl) = d,dg(?}n) = d+1,{21, ,ip} = {’il,il—f-l,... ,i1+d—
3}, and {j1, ... gt ={Jg—d+2,5,—d+3,...,j.};

(iv) 41 = Jg, da(v1) = de(v,) = d, there exists an integer r with iy +1 <1r <
i1 +d—3 such that {i1,... iy} = {ir,i1+1,... ;i1 +d—2} —{r}, and
{jlv"' 7jq} :{jq_d+37jq_d+4v ’jq}f

(V) il = iq,dg(vl) = dg(?}n) = d, {’il, cee ,ip} = {il,il + 1, ce ,il + d— 3},
and there exists an integer s with j, —d + 3 < s < j, — 1 such that

{jla"' 7jq}:{jq_d+2ajq_d+3a“' 7jq}_{5}; or



(Vl) il = jq,dg(vl) = dG(Un) = d, {il,... ,ip} = {il,il +2,i1 —f-?), ,il +
d—2}, and {j1,... ,Jgt ={jg—d+2,54—d+3,...,js— 2,74}

Proof. As in Claim 2.2, we have
p>d—2andqg>d—2. (12)

We first consider the case where i; # j,. In this case, note that v;C[v;,, vip]vl
and v, C'vj, , v;,Jvy, are disjoint cycles, and |V (v1C[vs,, 3, |v1)| = ip—i1+2 and
|V (v, Clvj,, v5,]vn)| = Jq—j1+2. Hence (i, —i1)+ (jg— 1) +4 < h—1 by the
assumption that G is a counterexample. Since we clearly have i, —i; > p—1
and j, — j1 > ¢ — 1, and since p+ ¢ > 2(d — 2) > h — 3 by (12), this forces
p=q=d—2,i,—1i =p—1and j, — j1 = ¢— 1, and hence (i) holds.

We now consider the case where i; = j,. By symmetry, we may assume
i9 — i1 < Jq — Jg—1. Note that v;Clv,, v;,Jvy and v,Clv;,,vj Jv, are disjoint
cycles. Hence

(ip_i2)+(jq_j1)+4§h_1 (13)
On the other hand, we clearly have

iy — 12 > p—2, (14)

jq_jlzq_l- (15)

Assume for the moment that ¢, — ¢, > 2. Then j, — j,—1 > 2, and hence
Jq— 1 > q. By (14),(12) and (13), this impliesp=¢=d—2, 1, —is =p—2
and j, — j1 = ¢, and hence j, — j,—1 = is — i3 = 2. Consequently (vi) holds.
Thus we may assume iy — i3 = 1. If equality holds in both (14) and (15),
then by (12) and (13), we have p=qg=d —2,or p=d—1 and ¢ = d — 2,
or p=d—2and ¢ =d— 1, and hence (i), (ii) or (iii) holds. Thus we may
assume i, — s > p— 1 or j, —j1 > ¢. Then by (14), (15), (12) and (13),
p=q=d—2,and we have i, —iy = p—1and j,—j; = q¢—1, orip,—is =p—2
and j, — j1 = ¢. Since i3 — 4; = 1, this implies that (iv) or (v) holds. O

We return to the proof of the Main Theorem. Set d' = [(h—1)/2]|. Then we
have 0(G) < d’' by Theorem 3 and the assumption that G is a counterexample.
Take a vertex a € V(G) such that dg(a) = 6(G). Since dg(a) < d', there
exists a u € V(C) such that {u,ut} N (Ng(a) U{a}) = 0. We may assume
u = v, and uT = v;. Since dg(a) < d’, we have min{dg(v1),dg(v,)} > h —
dg(a) > h—d' = d. Hence by Claims 2.2 and 2.3 , min{dg(v), dg(v,)} = d.
This implies 6(G) = dg(a) > h —d = d', and hence
IG)=d (16)
(we do not make use of the vertex a in the rest of the discussion for Subcase
1.1). Let 1, ... ,%p, J1,--. ,Jq be as in Claims 2.2 and 2.3.
Subcase 1.1.1. 4; < 7,
We first consider the case where (i) or (ii) of Claim 2.2 holds. By sym-
metry, we may assume (i) holds. Let s be as in Claim 2.2 (i). We show that
V(Clvg, vy—2] — va—s) N Ng(ve) = 0. (17)
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Suppose that there exists a v, € V(Clvg, vp—2] — va—s) N Ng(va). Set C' =
Clog, vg|vg. 4 <k <d—s—lorn—s<k<n—2,C" and v;C[vg,1,v1] are
disjoint cycles with [V (C')| 4+ |V (01Clvgs1,v1])| =n > hyif d—s+1 < k <
n—s—d+2, C" and v,Cvp_s_d+3, Un_1]v10, are disjoint cycles with [V (C")|+
|V (0, Clon—s—dg+3, Un_1]1op)| = (k—=1)+(s+d—1) > (d—s)+ (s+d—1) =
2d—1 > h;ifn—s—d+3 <k <n—s—1, C" and v,Clvgs1, Vn_1]v10, are dis-
joint cycles with |V (C")| 4 |V (v,Clvg+1, Un—1]v10,)| = n > h. In any case, we
get a contradiction to the assumption that G is a counterexample. Thus (17)
is proved. Further if v,_1,v, € Ng(v2), then vev,_1v,v5 and v1Clvs, v,_s]v;
are disjoint cycles with |V (vov,—10,v2)| + |V (v1Cvs, vp—2]v1)| = n > h, a
contradiction. Thus

{vn-1,vn} N Ng(vg)] < 1. (18)
Now by (17) and (18), dg(va) < [{vn_1,vn} N Ng(v2)| + |[{v1,v3,v4-s}| < 4.
But since d’ = |(h — 1)/2] > 5, this contradicts (16).

We now consider the case where Claim 2.2 (iii) holds. We show that

V(O[U4, Un_g] - Ud—l) N N(;(Ug) = @ (19)
Suppose that there exists a vy, € V(Clug, vp—3] — v4—1) N Ng(va). Set C' =
Clog, vg|vg. It 4 < k < d—2, C" and v;C[vg41, v1] are disjoint cycles with
V(O +|V (01 Clogsr, 1)) =n > hyif d < k <n—d+1, v;C[vs, vg]vev; and
U, Clon—_gr2, vp] are disjoint cycles with |V (v1Clvs, vg]vavy )| + |V (0, Clvn—gs2,
v)| > k4+d—1>2d—1>h;ifn—d+2 <k <n-3,C"and v,Clvgs1, v,
are disjoint cycles with |V (C")|+ |V (v,C[vg+1,vs])| = n—1 > h. In any case,
we get a contradiction. Thus (19) is proved. Further we show that

{va—1, Vn—2, -1} N Ng(v2)| < 1. (20)
Suppose that [{vg_1,vn_2,Un—1} N Ng(va)| > 2. If v,_9,0,-1 € Ng(vg),
VoUp 2102 and v1Cvs, v,_3|v,v1 are disjoint cycles with |V (vev,_av,—1v9)|+
|V (v1Cvs, vy—3]vnv1)| = n > h, a contradiction. Thus we have vy_1 € Ng(vq)
and [{vp_2,vn-1} N Ng(ve)] = 1. Write {v,—9,v5-1} N Ng(v2) = {vm}.
Then since d = [(h + 1)/2] > 6, v2C[vg_1,vm]vs and v1Clvs, v4_s]v, are
disjoint cycles with |V (vaClvg_1,vm]va)| + |V (01C[vs, vg—2]v1)| > n — 2 > h,
a contradiction. Thus (20) is proved. Now by (19) and (20), dg(vy) <
{Va—1, Vn—2,Vn—1} N Ng(v2)| + [{v1, v3,v,}| < 4, which contradicts (16).

Subcase 1.1.2. 7y > j,

We first consider the case where j; > 3. We show that

V(Clvg, vp—1] — v3,) N Ne(va) = 0. (21)
Suppose that there exists a vy € V(Clug, vp—1] — v;,) N Ng(v2). Set C" =
Clug,vglve. If4 < k < 53 — 1, C" and v,,C[vj,, v,] are disjoint cycles with
[V (C+|V(vnClvjy, va])| > 3+((p+qg—1)+1) > 2d—1 > h, a contradiction;
if j, <k <y — 1, then since j; > 3, v2C[vg, v4, |v1ve and v,Clvy,, v;, vy, are
disjoint cycles with |V (v2C[vg, vy, Jv1v2) |[+|V (vn Clvj,, 05, Jvn)| = (p+3)+q >
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h, a contradiction; if i,+1 < k < n—1, then since j; > 3, v;C[v;,, vg|vov; and
v, Clvj,, v, |vy are disjoint cycles with |V (v1Clvy, , vg|vgvr)|[+|V (vnClvj,, vj,
Jon)| > (p+ 3) + g > h, a contradiction. Thus we have j; < k < j, — 1 or
iy < k <i,—1. First assume j; < k < j,—1. Then by Claim 2.3, {vy, vg1}N
Ng(v,) # 0. Take v; € {vgy1,vk42} N Ng(vy,). Then €7 and v,Clv, v,] are
disjoint cycles with [V(C")| + |V (v,C[vi, vy])| > n — 2 > h, a contradiction.
Next assume i3 < k <4, — 1. Then by Claim 2.3, {vg11, Vk2} N Ng(v1) # 0.
Take vy, € {Vk41, Vkt2} N Ng(v1). Then C” and v, Clvy,, v1] are disjoint cycles
with [V(C")| 4+ |V (01C[vm, 11])| = n— 1 > h, a contradiction. Thus (21) is
proved. Now by (21), dg(v2) < [{v1,v3,vi,,vn}| < 4, which contradicts (16).
We now consider the case where j; = 2. If 7, < n—2, then by considering
Ng(v,—1) in place of Ng(vz), we can argue as in the preceding paragraph to
get a contradiction. Thus we may assume 4, = n — 1. This implies that (i)
of Claim 2.3 holds (so j, =d — 1 and iy = n — d + 2). We show that
V(Clvg, vy—2]) N Ng(vg) = 0. (22)
Suppose that there exists a vy, € V(C[vg, vp—2])NNg(v2). Set C" = Clug, vg]vs.
If4 <k <j,—1, C" and v,Clvg41,v,] are disjoint cycles with |V(C")| +
|V (0,Clvgs1,00])] = n—1 > h; if j, < k < 43 — 2, then since ¢ =
d—2 > 4, vCvg, v, Jv1ve and v,Clvj,, vj,_,|v, are disjoint cycles with
|V (02C vk, v, Jorv2)| + |V (0, Clujy, v, Jon)| = (p+4) + (¢ — 1) > hy if
i1 —1 <k <n-=2, C"and v;C[vgs1, v1] are disjoint cycles with |V (C")| +
|V (01Cvg+1,v1])| = n > h. In any case, we get a contradiction. Thus (22)
is proved. Now by (22), dg(ve) < [{v1,v3,vn_1,v,}| = 4, which contradicts
(16). This completes the proof for Subcase 1.1.

Subcase 1.2: |[V(C)| <n

Write C' = vyvy . .. vpv (0 = |V(C)]). If G — V(C) contains a cycle D, then
since |V(C)| > h, C and D satisfy the properties required in the Main The-
orem, which contradicts the assumption that G is a counterexample. Thus
G —V(C) is a forest. We divide the proof further into two cases according
as G — V/(C) is isomorphic to K; or Kj, or not.

Subcase 1.2.1: G — V(C) is isomorphic to neither K; nor K.

In this case, by the assumption that o9(G) > h, there exist a,b € V(G) —
V(C) with a # b such that

dG—V(C) (CL) S 1, dG—V(C)(b) S 1 and d(;(a) + dg(b) Z h. (23)
If possible, we choose a and b so that they lie in the same component of
G — V(C) (we allow ab € E(G)). Since min{|Ng(a) N V(C)|,|Ng(b) N
V(CO)|} > 0(G) —1 > 2 by Claim 2.1, and max{|Ng(a) NV (C)|,|Na(b) N
V(C)|} > [h/2] — 1 > 5 by (23) and the assumption of Case 1, there exist
four distinct vertices u,v,u’,v" € V(C) such that w,v,u,v" occur on C in
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this order, u,v € Ng(a), and u’,v" € Ng(b). We may assume that we have
chosen u, v, w',v" so that |V(C[v,u'])| + |V (C[v',u])| is as small as possible.
Then (Ng(a) U Ng(0)) 0 ((V(Clo, w']) = {v, '} U (V(C', ul) = {v', u})) =
If |[E(Clu,v])| + |E(C[W,v])] > h — 4, then the two cycles aClu,v]a and
bC[u',v'|b satisfy the required properties. Thus

|E(Clu, o))+ |E(Clu/,v])] < h = 5. (24)

We first consider the case where a and b lie in the same component of

G-V (C). Write (Ng(a)UNg(b)N(V(Clu,v])) = {viy, ... ,v;,} and (Ng(a)U
Ng(b)) N (V(ClW', ")) = {viy, - -, vi,,, ). We may assume i < ig < ... <
b5t (thus w = v, v = v, v = v; ., v = v;,,). By the maximality of |V (C)|,
i1p1—1; > 2foreach 1 <[ < s+t—1, and hence |E(Clu, v])|+|E(C[u/,v'])| >
2(s — 1) +2(t — 1). By (24), this implies

s+t<(h—1)/2. (25)
On the other hand, s +t = |(Ng(a) U Ng(b)) N V(C)| = |Ng(a) NV (C)| +
[Na(b) NV(C) = [Ng(a) N Ne(b) N V(C)| = h =2 = [Na(a) N Ne(b) N V(C))|
by (23), and hence

[No(a) N Na(b) NV(C)| > (h—3)/2 (26)
by (25). It follows from (25) and (26) that for each 1 <[ < s+¢—1, we have
v;, € Na(a) N Ng(b) or v;,,, € Ng(a) N Ng(b), and hence 441 —4; > 3 by the
maximality of |V (C')]. Since s+t = |(Ng(a)UNg(b))NV(C)| >max{|Ng(a)N
V(C)|, |Ng(b) NV (C)|} > h/2 —1 by (23), this implies that |E(Clu,v])| +
|E(Clu',v"])] >3(s—1)+3(t —1) > 3(h/2 —3) > h — 4, which contradicts
(24).

We now consider the case where a and b lie in distinct components of

G — V(C). In this case, our choice of a and b implies that each component
of G — V(C) is isomorphic to K; or K. Our choice of a and b also implies
that each component of G — V(C') which is isomorphic to K, contains a
vertex whose degree in G is strictly less than h/2. Consequently there exists
a component F' of G — V(C) such that F' = K; and the unique vertex x of
F satisfies dg(z) > h/2. We may assume a = x. Then by the maximality of
V(O [E(Clu, o)) |+ E(CTu, v'])| = 2(|Ng(a) NV (Clu, v])] = 1) +2(|Ne(a) N
V(C',v'))| — 1) = 2dg(a) — 4 > h — 4, which contradicts (24).

Subcase 1.2.2. G — V(C) is isomorphic to K; or Ks.

If G-V(C) = Ky, let V(G) = V(C) = {a}, and write Ng(a) NV (C) =
{Ui1uvi27"' 7Uip} with i1 < iy < ... < Zp, if G — V(C) = Ko, let V(G) —
V(C) = {a,b}, and write (Ng(a) U Ng(b)) NV (C) = {vi,, vy, ... , v, } with
ip <idg < ...<i, By Claim 2.1, p>dg(a)—1>2. Set I = {iy,... i}
We may assume iy = 1. Then n’ ¢ I by the maximality of [V(C)|. Write
N(;(Un/) N V(O) = {Ul,UjQ, R 7qu,17Un’—1} with 1 < jg < jg < ... < jq—l <
n', and set J = {1,ja,...,J4—1,7 — 1}. Since n’ ¢ I,q = dg(vy) > 3 by

11



Claim 2.1. By the assumption that oo(G) > h, we also get
|]|—|—|J|=p+q2dg(a)—1+dg(vn/)2h—1 (27)
As in Subcase 1.1, for a set X of integers, we let X™ = {i + 1|i € X} and
X~ ={i—1}i € X}. By the maximality of |V (C)],
InJt=40. (28)

We first consider the case where i3 < j,_1. Choose k € I and [ € J with
is <k <1< j,1sothat | —k is as small as possible. Set L; = {1,2,... ,k},
Ly={l,l+1,...,n'}. Then TUJ C Ly U Ly by the minimality of [ — k. By
(28), (INLy)"N(JNLy) =0, and hence |Ly| > |(INLy)~ — {0} +|JNLy| >
|[INLy|+[JNLy| —1. Again by (28), (INLy)N(JNLy)T = 0. Since n' ¢ J
by the definition of J, this implies |Ly| > |I N Lg| + |J N Lg|. Consequently

|La| + |Lo| = [T+ [J] -1 >R =2 (29)
On the other hand, since 1,k € I and [ € J, (V(C[vy,v]) U (V(G) — V(C)))
contains a cycle of order at least |L;| + 1 and v,y C[v;, v,/ is a cycle of order
|Ls|, and hence |Li| + 1 4 |Ly] < h — 1 by the assumption that G is a
counterexample. Thus equality holds in (29), and hence equality holds in
(27). In particular, p = dg(a) — 1 = h — dg(vy) — 1. Since n' ¢ I, this
implies that G — V(C) = K, and v; € Ng(a) N Ng(b) for all i € I. Therefore
(V(Cluy,ve]) U(V(G) — V(C))) contains a cycle of order |L;| 4 2, and hence
|L1| +2+|Lo| < h—1, which contradicts (29). This concludes the discussion
for the case where iy < i,_;.

We now consider the case where i3 > j,_;. Note that by the maximality
of |[V(C)|, ipy1 — i, > 2 for each 1 < r < p — 1. First assume p > 4. Then
|V (Clviy,v3,])| = 2p—5, and hence (V (Clvj,, v;,]) U(V(G) = V(C))) contains
a cycle C of order at least 2p — 4. Also Clv,, vj,_,|vy is a cycle Cy of order
at least ¢, and since C and Cy are disjoint we have |V (Cy)|+|V(Cs)| > 2p—
44 q > p+ q. Consequently by the assumption that G is a counterexample,
equality holds in (27). As before, this implies that G — V(C) = K, and
v; € Ng(a) N Ng(b) for all i € I. Therefore (V (Clv,,v;,])) U(V(G) =V (C)))
contains a cycle of order at least 2p—3, which contradicts the assumption that
G is a counterexample. Next assume p = 3. Then (V(C[v;,,v;,]) U (V(G) —
V(C))) contains a cycle of order at least 4. Also since ¢ > h—4 > 4 by (27),
Clvn, vj,_,]vn is a cycle of order at least ¢ —1, and we have 4+¢—1 = p+q.
Consequently equality holds in (27). This implies that G — V(C') = K, and
v; € Ng(a) N Ng(b) for all i € I, and hence (V(Clvy,, vi,]) U (V(G) = V(C)))
contains a cycle of order at least 5, a contradiction. Finally assume p = 2.
Then by Claim 2.1, G=V(C) = Ky and v; € Ng(a)NNg(b) for each i € I. By
(27), we also have ¢ > h —3 > 4. If iy > j,_1, then abvy,a and Clvy, v, |vn
are disjoint cycles with |V (abv,a)| + |V(Clon,vj,_,Jow)| = 34+¢q > h, a
contradiction. Thus iy = j,—;. By (28), this implies j,_; — 1 ¢ J, and
hence |V (Clv;,,vj,_,])| = ¢ — 1. Consequently abvia and v, Clvj,, v;,_, v
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are disjoint cycles and |V (abvia)|+ |V (v Clvj,, vj,_, V)| = 34-q > h, which
is again a contradiction. This completes the proof for Case 1.

Case 2: n=h+20r 7<h <10

By Theorem 1, GG contains two disjoint cycles C7 and C5. We may assume
that C and Cy are chosen so that |V/(C1)|+|V (Cs)| is as large as possible, and
so that w(G —V(C}) —V(Cy)) is as large as possible, subject to the condition
that |V(Ch)| + |V (Cs)] is maximum (here w(G —V (C) —V(Cy)) denotes the
number of components of G — V(C;) — V(Cy)). By the assumption that G
is a counterexample,

V(C)I+ [V(C)| < h —1. (30)
Let H=G —V(C})—V(Cy). Since n > h+ 2, we have |V(H)| > 3 by (30).

Claim 2.4. Letaw =1 or2. Let H' be a component of H, and let a € V(H').
Then the following hold.

(i) IfveV(C,) and av € E(G), then E(v",V(H")) =0 and E(v** V(H' —
a)) = 0.
(i) (a) [Efa, V(Ca))| < [V(Ca)l/2-
(b) If|E(a, V(Ca))| = [V(Ca)l/2, then E(V(H' —a),V(Ca)) = 0.
Proof. Statement (i) follows immediately from the maximality of |V (Cy)| +
[V (Cy)], and (i) implies (ii). 0

We now consider two subcases separately according as H is connected or not.

Subcase 2.1. H is disconnected.

In this subcase, we divide the proof further into two cases.
Subcase 2.1.1. n=h + 2.

Let Hy, Hy be two components of H. Let a; € V(H;) and ay € V(Ha).
By the assumption that oo(G) > h and by Claim 2.4(ii)(a), n — 2 = h <
de(ar) + da(az) < [V(C1)| + [V(Co)| + [V(Hy)[ =1+ [V(Ha)[ -1 <n—2.
Thus equality holds, which means that |V (H)| = |V(H;y)| + |V (Hz)| and
|E(a;, V(CL))| = |[V(Cq)|/2 for each i = 1,2 and each a = 1,2. Hence by
Claim 2.4(ii)(b), E(V(H; — a;), V(C1 U Cy)) = 0 for each ¢ = 1,2. Since G is
2-connected, this forces |V (H;)| = |V (Hz)| = 1, and hence |V (H)| = 2. This
contradicts the earlier assertion that |V (H)| > 3.

Subcase 2.1.2. 7< h <10
By the assumption that o9(G) > h, there exists a component H' of H such
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that

dg(x) > [h/2] for every x € V(H'). (31)
Since |E(z, V(C1)UV (Cy))| < (h—1)/2 for each x € V/(H') by Claim 2.4(ii)(a)
and (30), we have |V (H')| > 2.

Claim 2.5. Every vertex of H', possibly except one, has degree at least 2 in
H'.

Proof. Suppose that there exist a,b € V(H’) with a # b such that dy(a) =
dy(b) = 1. Then by (31), |E(z,V(Cy) U V(Cy))| > [h/2] — 1 for each
x € {a,b}. In view of Claim 2.4(ii)(a) and (30), this implies that at least one
of |[V(Ch)| and |V(Cy)] is even, and that |E(z,V(C,))| = [|[V(C,)|/2] for
each o € {1,2} and each = € {a,b}. But this contradicts Claim 2.4(ii)(b).O

Note that Claim 2.5 implies that the order of H' is at least 3, and that if H’
is not 2-connected, then H' has an endblock of order at least 3. Now if H' is
2-connected, let B = H'; if H' is not 2-connected, let B be an endblock of H'
with |[V(B)| > 3. Fix z € V(B). In the case where H' is not 2-connected, we
let z be the unique cutvertex of H' which lies in B. We derive a contradiction
by proving a series of claims.

Claim 2.6. Let « = 1 or 2, and let a,b € V(B — z) with a # b. Suppose
that there exist u,v € V(Cy) such that au,bv € E(G). Then u = v.

Proof. Suppose that there exist u,v € V(C,) with u # v such that au, bv €
E(G). Since |V(B)| > 3, B contains a path P of order at least 3 joining a
and b. Also since |V (C,)] < h—1-3 <6 by (30), C,lu,v] or Cylv,u] has
order at least |V (C,)|—2 by maximality of C\,. Consequently (V(C,)UV (P))
contains a cycle of order at least |V(C,)| + 1, a contradiction. O

Claim 2.7. There exists an a € V(B — z) such that |E(a,V(CY))| > 2 or
|E(a, V(C2))] = 2.

Proof. We may assume |V (Cy)| < |[V(Cs)|. Suppose that for every = €
V(B — z), we have |E(z,V(Cy))| <1 and |E(z,V(C3))| < 1. Then by (31),
dp(x) > [h/2] — 2 for every z € V(B — 2), (32)
and hence
V(B)| > [h/2] - 1. (33)
Let C be a longest cycle in B. Since (32) in particular implies o5(B) > [h/2],
it follows from Theorem 2 that
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V(C)] = min{[h/2], |V(B)]}. (34)
On the other hand, (30) together with the maximality of |V (C1)| + [V (C2)|
implies that |V (C)| < [V(Ch)| < |[(h—1)/2] = [h/2]—1, and hence |V (B)| =
V()| = |[V(Cy)| = [h/2] — 1 by (33) and (34). This implies that B is
a complete graph and |E(xz,V(C}))| = |E(z,V(Cy))| = 1 for every z €
V(B — z). By Claim 2.6, there exists a v € V(C) such that zv € E(G)
for every z € V(B — z). But then (V(B) U {v}) contains a cycle of order
\V(B)|+1 > |V(C)|, a contradiction. O

Let a be as in Claim 2.7. We may assume |FE(a, V(C}))| > 2.

Claim 2.8. There exists a b € V(B) — {z,a} such that |E(b,V(Cy))| > 2.

Proof. Suppose that |E(z, V(Cs))| < 1forevery x € V(B)—{z,a}. Then for
every € V(B)—{z,a}, we have dg(x) > [h/2]—1 because E(x,V(Cy)) = ()
by Claim 2.6. Hence |V(B)| > [h/2] > 4. Take ay € E(B). Then by
Lemma 5, B contains a path P of length at least [h/2] — 1 joining a and
y, and hence we obtain a cycle of length at least [h/2] by adding ay to P.
But since min{|V(C})|, |V (Cq)|} < (h —1)/2 by (30), this contradicts the
maximality of [V(Cy)| + |V (Cs)|. O

We are now in a position to derive a final contradiction. Let b be as in
Claim 2.8. By Claim 2.6,

E(z,V(Cy)) =0 for every x € V(B) — {z,a}, (35)
and

E(x,V(Cy)) =0 for every x € V(B) — {z,b}. (36)
By symmetry, we may assume |[V(C1)| < [V(Cs)[. By Claim 2.4(ii)(a),
|[V(Cy)| > 4, and hence h = 9 or 10 and 4 = |V(Cy)| < |V(Cy)| < 5 by
(30). By Claim 2.4(ii)(a), this implies |E(a, V(CY))| = |E(b,V(Cy))| = 2,
and hence dp(z) > [h/2] — 2 = 3 for each z € {a,b} by (35) and (36). This
implies |V(B)| > 4, and hence V(B) — {z,a,b} # 0. Since dg(z) > 5 for
every € V(B) — {z,a,b} by (35) and (36), this implies |V (B)| > 6. Since
03(B) > 2+ min{dp(z)| x € V(B — 2)} > 5, it now follows from Theorem 2
that B contains a cycle of order at least 5. Since |V(C})| = 4, this contra-
dicts the maximality of |V (C1)| 4 |[V(C3)|. This concludes the discussion for
Subcase 2.1.

Subcase 2.2. H is connected.

We may assume |V (Cy)| < |V(Cy)|. We start with the following refinement
of Claim 2.4.
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Claim 2.9. Letaw=1o0r2. Leta € V(H) and v € V(C,), and suppose that
av € E(G). Then the following hold.

(i) EQuvT, v}, V(H)) =0.
(i) E(v™, V(H —a)) = 0.

Proof. Recall that |V(H)| > 3. By Claim 2.4, E(v",V(H)) = 0 and
E@™ V(H — a)) = 0. If v™2a € E(G), then since E(v*,V(H)) = 0,
we get a contradiction to the maximality of w(H) by replacing C, by the
cycle aC,[v™? v]a. Thus v*2a ¢ E(G), which proves (i). To prove (ii),
suppose that E(v*3 V(H — a)) # 0 (it is possible that v™ = v). Take
b€ Neg(v™)NV(H — a), and let P be a path in H joining a and b. By (i),
E({vt,v™}, V(H)) = 0. Hence by replacing C, by the cycle PC,[v™3, v]a,
we get a contradiction to the maximality of |V (Cy)| + |V(Cy)| or the maxi-
mality of w(H). O

Claim 2.10. Leta =1 or2. Leta,b € V(H) witha #b. Then |E({a,b},V(
Ca))l < [V(Ca)l/2.

Proof. Write (Ng(a) U Ng(b)) NV (Cy) = {ws,... ,w} so that wy, ... wy
occur on C, in this order. We may assume t > 1. For each 1 < ¢ < ¢,
let X; = V(Clw;, w;,4]) (in the case where i = t, we take w;;; = wq). Let
1 <i<t If |[E(w;,{a,b})] = 1, then since | X;| > 3 by Claim 2.9, we have
|E({a,b}, X;)| =1 < |X;|/3 < |X;|/2; if |E(w;, {a,b})| = 2, then | X;| > 4 by
Claim 2.9, and hence |E({a,b}, X;)| = 2 < |X;|/2. Since i is arbitrary,
we obtain [E({a,b},V(Ca)| = Z1gigt’E({aa b}, Xi)| < Z1§igt | Xil/2 =
[V (Ca)l/2. O

Returning to the proof of the Main Theorem, we first show that H contains
a cycle. Suppose that H is a tree, and let a,b € V(H) be distinct vertices
with dy(a) = dy(b) = 1. Since |V(H)| > 3, a and b are non-adjacent,
and hence dg(a) + dg(b)oa(G) > h. On the other hand, it follows from
Claim 2.10 and (30) that dg(a) + dg(b) = |E({a, b}, V(C1) UV (Cy))| +2 <
(IV(C)H|+|V(C)|)/2+2 < (h—1)/24+2 < h, which is a contradiction. Thus
H contains a cycle. We now distinguish two cases.

Subcase 2.2.1. n = h + 2.

Before proving this subcase, we define the following notation. Let C' =
T1%y ...y (cyr1 be a cycle and let Y be a subset of V(C). We define
Yt={z} |z, €eY}and Y2 = {2/ | z; e Y}
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By Claim 2.10, there exists an a € V(H) such that |E(a, V(C1)UV (Cy))| <
(V(COI+IV(Ca)])/4. Then de(a) < [V(H)|— 1+ (V(C)| + [V(C)])/4 By
Claim 2.9, there exists a u € V(C}) such that E({u,u*},V(H)) = (. Then
[Ne(u)NV ()| = da(u)=([V(C1)|=1) = 02(G)—dg(a)=([V(C1)|-1) > h—
dg(a)=([V(C1)|=1) = n=2—(|V(H)|=1+(|[V(C1)[+|V(C3)[)/4) = ([V(C1)| =
1) = (3V(Co)| - [V(COD/4 > [V(Co)|/2. Similarly [Ne(u®) 0 V(Cy))] >
|V (C3)|/2, which clearly implies |( Ng(u™)NV (Cy))TU(Ng(ut)NV(Cy)) 2| >
[V(C)|/2 + 1. Consequently (Ng(u) NV (Cy)) N ((Ng(u®) N V(Cq))T U
(Ne(ut)NV(Cy))*?) # 0, which implies that (V(C;)UV(Cy)) contains a cy-
cle C with |V(C)| > |[V(C1)|+|V(C2)| — 1. Now let D be a cycle in H. Then
C and D are disjoint cycles with |[V(C)| + [V(D)| > |V (Cy)| + |V (C2)| + 2,
which contradicts the maximality of |V (Cy)| + [V(Cs)].

Subcase 2.2.2. 7 < h < 10.

Let D be a longest cycle in H. By the maximality of |V (C1)| + |V(Cy)|,
V(D) < [V(C). (37)
By Lemma 6, 6(H) < |V(D)| — 1. Take a € V(H) such that dy(a) = 6(H).
Then by Claim 2.9, dg(a) < |[V(D)| — 1+ [|[V(CY)|/3] + ||V (C%)|/3]. By
Claim 2.9, there exists a u € V(C) such that E({u,u"}, V(H)) = (. Then
dg(x) > 09(G) — dg(a) > h — dg(a) for each x € {u,u™}. Thereby and
because of dg(x) < |V(Ch)| — 1+ |E(z, V(Cy))|, we have
[E(z, V(C))l = h = (V(D)| = 1+ [[V(C)|/3] + [IV(C2)]/3])
—(|[V(Cy)| = 1) for each z € {u,u"}. (38)
Suppose that |V(D)| + [V(C1)| + [|[V(C1)|/3] + [[V(C2)|/3] < h. Then
|E(z,V(Cy))] > 2 for each x € {u,u™} by (38), and hence there exist
v,w € V(Cy) with v # w such that uv,u*w € E(G). Since |[V(Cy)| < 6
by (30), this implies that (V(C;) UV (Cy)) contains a cycle C with |V (C)| >
[V(C)] +[V(Co)| = 2. But then [V(C)| + [V(D)| > [V(C1)| + [V(Cy)| + 1,
which contradicts the maximality of |V (C})| + |V(Cs)|. Thus
V(D) + [V(CO + [IV(C)I/3] + [[V(C)I/3] = h+ 1. (39)
Since [|[V(C1)|/3] + [|[V(C2)|/3] < 3 by (30), this together with (37) im-
plies that |[V(Cy)| > [(h — 2)/2] = [(h — 1)/2], and hence |V (Cy)| =
|[(h —1)/2] and |V(Cy)| < [(h—1)/2] < 5 by (30). This in turn im-
plies ||V (C1)|/3] = [|[V(C2)|/3] = 1, and hence it follows from (30),(39) and
(37) that h — 1 is even and |V(D)| = |[V(Cy)| = |V(Cq)| = (h —1)/2. Tt
now follows from (38) that E(x,V(Cy)) # 0 for each x € {u,u'}, and hence
(V(Cy) UV(Cy)) contains a cycle C' with |V(C)| > |[V(C})| + 1. But then
V(O + VD) 2 [V(C)+ V(D) +1 = [V(C)|+|V(C2) | + 1, which again
contradicts the maximality of [V(C1)| + [V/(Cy)|. This completes the proof
of the Main Theorem.
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